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Summary. We consider the minimum of a super-critical branching random 
walk. In [Ij, Addario-Berry and Reed proved the tightness of the minimum 
centered around its mean value. We show that a convergence in law holds, 
giving the analog of a well-known result of Bramson [10] in the case of the 
branching Brownian motion. 



1 Introduction 

We consider a branching random walk defined as follows. The process starts with one par- 
ticle located at 0. At time 1, the particle dies and gives birth to a point process C. Then, 
at each time n G N, the particles of generation n die and give birth to independent copies of 
the point process C, translated to their position. If T is the genealogical tree of the process, 
we see that T is a Galton- Watson tree, and we denote by |a;| the generation of the vertex 
X G T (the ancestor is the only particle at generation 0). For each x G T, we denote by 
V{x) G M its position on the real line. With this notation, {V{x), \x\ = 1) is distributed as 
C. The collection of positions {V{x), x G T) defines our branching random walk. 



We assume that we are in the boundary case (in the sense of [H]' 
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Every branching random walk satisfying mild assumptions can be reduced to this case 
by some renormalization. We assume that 1 < oo almost surely, but we allow 

-^[S|x|=i ^] ~ interested in the minimum at time n 

Mn '■= min{ V{x), \ x\ = n} 

where min0 := oo. Writing for ?/ G M U {±00}, y+ := max(?/, 0), we introduce the random 
variables 



(1.2) 



-V(x) 



\x\=l 



|x|=l 



V{x) 



We assume throughout the remainder of the paper, including in the statements of Theorems, 
Lemmas etc. that 

• the distribution of C is non-lattice, 

• we have 



1.3) 

;i-4) 



E En 

|x|=l 

E [X(ln+X)2] < 00, E 



Xln: X 



< 00, 



< 00. 



These assumptions are discussed after Theorem Under (1.1), the minimum M„ goes 



to infinity, as it can be easily seen from the fact that e"^^"-' goes to zero ([22])- The 

law of large numbers for the speed of the minimum goes back to the works of Hammersley 
[16] . Kingman [19] and Biggins |6], and we know that ^ converges almost surely to in 
the boundary case. The second order was recently found separately by Hu and Shi [17], and 
Addario-Berry and Reed |T] , and is proved to be equal to | In n in probability, though there 
exist almost sure fluctuations (Theorem 1.2 in [17J). In [IJ, the authors computed the expec- 
tation of Mn to within 0(1), and showed, under suitable assumptions, that the sequence of 
the minimum is tight around its mean. Through recursive equations, Bramson and Zeitouni 
[TT] obtained the tightness of M„ around its median, when assuming some properties on 
the decay of the tail distribution. In the particular case where the step distribution is log- 
concave, the convergence in law of M„ around its median was proved earlier by Bachmann 
[1]. The aim of this paper is to get the convergence of the minimum M„ centered around 
I In n for a general class of branching random walks. This is the analog of the seminal work 
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from Bramson [10], to which our approach bears some resemblance. To state our result, we 
introduce the derivative martingale, defined for any n > by 

(1.5) D„ := J2 V{x)e-''^^^\ 

\x\=n 



From [7] (and Proposition A. 3 in the Appendix), we know that the martingale converges 



almost surely to some limit Doo, which is strictly positive on the set of non-extinction of T. 



Notice that under (1.1), the tree T has a positive probability to survive. 



Theorem 1.1 There exists a constant C* G (0, oo) such that for any real x, 
(1.6) lim P (m„ >-\nn + x\ =E [e"^*'''^-] . 

Remark 1. We can see our theorem as the analog of the result of Lalley and Sellke [21] in 
the case of the branching Brownian motion : the minimum converges to a random shift of 
the Gumbel distribution. 

Remark 2. We assumed the number of children to be finite almost surely. We think that 
this assumption is superfiuous, but our proof does not seem to work without this assumption. 



see equation (5.3). The condition of non-lattice distribution is necessary since it is hopeless 



to have a convergence in law around | In n in general. We do not know if an analogous result 



holds in the lattice case. If (1.3) does not hold, we can expect, under suitable conditions, to 
have still a convergence in law but centered around Klnn for some constant k ^ 3/2. This 
comes from the different behaviour of the probability to remain positive for one-dimensional 



random walks with infinite variance. Finally, the condition (1.4) appears naturally for 
not being identically zero (see [7], Theorem 5.2). 



The proof of the theorem is divided into three steps. First, we look at the tail distri- 
bution of the minimum M^''^ of the branching random walk killed below zero, i.e M^'" : = 
min{\^(x), V{xk) > 0, VO < /c < where x^ denotes the ancestor of x at generation k. 



Proposition 1.2 There exists a constant Ci > such that 

3 



lim sup lim sup 



e^P M, 
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< - Inn — z 
2 



0. 
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This allows us to get the tail distribution of M„ in a second stage. 



Proposition 1.3 We have 



lim sup lim sup 

z—^oo n— >oo 



— P <^lnn- z 



CiCo 



where Ci is the constant in Proposition 1.2, and cq > is defined in (2.13) 



Looking at the set of particles that cross a high level A > for the first time, we then deduce 
the theorem for the constant C* = CiCq. 



The paper is organized as follows. Section |2] introduces a useful and well-known tool, the 
many-to-one lemma. Then, Sections [3} |4] and |5] contain respectively the proofs of Proposition 
1.2[ Proposition 1.3| and Theorem A sum-up of the notation used in the paper can be 
found in Appendix [D| 



Throughout the paper, (ci)i>o denote positive constants. We say that a„ ~ 6^ as n — )■ cxd 
if lim„^oo f = 1. We write E[/, A] for E[/l^], and we set ^0 ■= 0, U9 ■= 1- 



2 The many-to-one lemma 



For a G M, we denote by P^ the probability distribution associated to the branching random 



walk starting from a, and E^ the corresponding expectation. Under (1.1), there exists a 
centered random walk (S'„,n > 0) such that for any n > 1, a G M and any measurable 
function g -.W ^ [0, 00), 



(2.1) 



E, 



E„ 



e^'^-^giSu--- ,S„ 



\x\=n 



where, under P^, we have Sq = a almost surely. We will write P and E instead of Pq 
and Eq for brevity. In particular, under (1.3), 5*1 has a finite variance o"^ := E[Sf] = 
E[^i .1 -j^ y(x)^e~^*-^^]. Equation (2.1) is called in the literature the many-to-one lemma and 



can be seen as a consequence of Proposition 2.2 below. 
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2.1 Lyons' change of measure 

We introduce the additive martingale 

(2.2) Wr. := J2 e"""^"^- 

\u\=n 

The fact that Wn is a martingale comes from the branching property together with the 
assumption that E[^|^|^-^ e"^*^^-*] = 1. From [22], we know that Wn converges almost surely 



as n — )• oo to under our assumption (1.1). For any n > 0, let denote the a-algebra 
generated by the positions (y{x), \x\ < n) up to time n, and := Vn>o For any a G M, 
the Kolmogorov extension theorem guarantees that there exists a probability measure Pa on 
such that for any n > 0, 

(2.3) PaW^=e''Wn*PaW„- 

We will write P instead of Pq. We associate to the probability the expectation E^. 

We introduce the point process C with Radon-Nykodim derivative X]je£ with re- 

spect to the law of £ and we consider the following process. At time 0, the population is 
composed of one particle wo located at V{wq) = 0. Then, at each step n, particles of gen- 
eration n die and give birth to independent point processes distributed as £, except for the 
particle w„ which generates a point process distributed as C. The particle Wn+i is chosen 
among the children of Wn with probability proportional to e~^^^^ for each child x of Wn- This 
defines a branching random walk B with a marked ray {wn)n>o, which we call the spine. 
On the space of marked branching random walks, let ^„ be the cr-algebra generated by the 
positions {V{x), \x\ < n) and the marked ray (or spine) {wk, A; < n) up to time n. Then, B 
is measurable with respect to := Vn>o We call B the natural projection of B on the 
space of branching random walks without marked rays; in other words B is obtained from B 
by forgetting the identity of the spine. In particular, B is measurable with respect to >'^oo- 
Notice that S is a branching random walk with immigration. We use the notation a + i3 or 
a + i3 to denote the branching random walk which positions are translated by a. 

Proposition 2.1 ([22j) Under Pa, the branching random walk has the distribution ofa + B. 

Hence we will identify from now on our branching random walk under P^ to the marked 
branching random walk a + B. Notice that by doing so, we introduce in our branching 
random walk a marked particle, the spine, and we extend the probability Pa to ^oo- We 
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stress that in the fihration {^n, ?t- > 0), we do not know the identity of the spine. For i > 1, 
we call fl{we) the siblings of the spine at generation i: they are the vertices which share the 
same parent as we. We will often use the a-algebra 

(2.4) Ge := a{wj,V{wj),Q{wj), {V{u))uen{y.^), j e [1, i]}, 

(2.5) Qoo ■= (T{wj,V{wj),Q{wj),{V{u))uen{w,),j>l} 

associated to the positions of the spine and its siblings, respectively up to time i and up to 
time oo. 

Proposition 2.2 ([22j) (i) For any \x\ = n, we have 

(2.6) ^a{Wn = x\^n] = 

(a) The process of the positions of the spine (\^(w„), n > 0) under has the distribution 
of the centered random walk {Sn, n > 0) under P^. 

This change of probability was used in [22j. We refer to P3| for the case of the Galton- 
Watson tree, to [T3] for the analog for the branching Brownian motion, and to [7] for spine 
decompositions in various types of branching. Before closing this section, we collect some 
elementary facts about centered random walks with finite variance. We recall that we deal 
with non-lattice random walks. 

There exists a constant ai > such that for any x >0 and n > 1 

(2.7) P^(minS'j > 0) < ai(l + x)n-^/^ 

There exists a constant 0:2 > such that for any 6>a>0, a;>0 and n > 1 

(2.8) P^(5„ e [a,b], minSj > 0) < ^2(1 + x)(l + 6 - a)(l + 6)n"^/2. 

Let < A < 1. There exists a constant as = a^^X) > such that for any b > a > 0, x,y > 
and n > 1 

(2.9) Px{Sn e [y + a,y + b], min Sj > 0, min Sj > y) 

j<n Xn<j<n 

< a3(l + x)(l + 6-a)(l + 6)n-^/l 
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Let (a„, n > 0) be a non-negative sequence such that hm^^oo = 0. There exists a 
constant > such that for any a G [0, a^] and n > 1 

(2.10) P{Sn e[a,a + 1], minS'^ > 0, min Sj > a) > a^n~^l'^ . 

j<n "/2<i<ra 



Equation (2.7) is Theorem la, p. 415 of [14j. Equations (2.8) and (2.9) are for example 



Lemmas 2.2 and 2.4 in [3j. Equation (2.10) is Lemma 4.3 of [2]: even if the uniformity in 



a e [0, a„] is not stated there, it follows directly from the proof. 

2.2 A convergence in law for the one-dimensional random walk 

We recall that (5'„)n>o is a non-lattice centered random walk under P, with finite variance 
E[Sf] = cr^ G (0, oo). We introduce its renewal function R{x) which is zero if x < 0, 1 if 
X = 0, and for x > 

(2.11) R(x) ■.= y^P(Sk> -X, Sk < min 5,). 

^ 0<7<fc-l 



fc>0 



If Hn denotes the n-th strict descending ladder height (where by strict descending ladder 
height, we mean any such that 5*^ < mino<j<fc-i Sj), then we observe that for x > 0, 

(2.12) R{x) = Y,PiHn>-x) 

n>0 

which is E [number of strict descending ladder heights which are > —x] . Similarly, we de- 
fine R-{x) as the renewal function associated to —S. Since E[Si] = and E[Sf] < oo, we 
have that E[|ifi|] < oo (see Theorem 1, Section XVIII. 5 p. 612 in [E]). Then the renewal 
theorem [2], p. 360 implies that there exists Cq > such that. 



(2.13) lim ^ = Co. 

Moreover, there exist C-,C+ > such that 

(2.14) P ( min S, > o] ~ 

\l<i<n / \/n 



(2.15) pfmaxS, <0) ~ 

as n — 7- OO (Theorem la. Section XII. 7 p. 415 of [E]). 
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Lemma 2.3 Let (r„)n>o o.nd {Xn)n>o be two sequences of numbers resp. in IR+ and in (0, 1) 



and such that resp. lim„_ 



•OO „l/2 



0, and < lim inf „^oo A„ < lim sup„_^o^ A„ < 1. Let 



F : M.^ — 7- M 5e a Riemann integrable function. We suppose that there exists a non-increasing 
function F : IR+ — )• M such that \F{x)\ < F{x) for any x > and J^^^xF^x) < oo. Then, 
as n ^ oo, 



(2.16) E 

uniformly in y E [0,r„]. 



F{Sn - y), mill Sk > 0, min Sk > y 

fcS[0,n] fc£[A„?i,ra] 



aV2 



-n 



-3/2 



F{x)R^{x)dx 



x>0 



Proof. Let e > 0. Since |-F(a;)| < F{x) and F is non-increasing, we have for any integer 
M > 1, 



E 



\F{Sn- y)\, min Sk>0, min Sk>y,Sn>y + M 

fc6[0,n] fce[A„n,n] 



- ^(i)P ( min S'fc > 0, min Sk>y,Sne[y + j, y 

^ — ' \fce[0,n] k€[X„n,n] 



+ J + K 



For j > 1, we have by (2.9) and the fact that hmsup„_j.oo An < 1, 



This yields that 



P ( min^ Sk > 0, _ min ^Sk > y, e [y + j,y + j + 1) ] < c^^^. 



fc£[A„n,ra] 



TV 



E 



\F{Sn - y)\, niin Sk > 0, min Sk>y,Sn>y + M 

k£[0,n] k£[X„n,n] 



< 



Cl 

3/2 



n 



which is less than en for M > 1 large enough by the assumption that J^^^ xF(x)dx < oo. 
Therefore, we can restrict to F with compact support. By approximating F by scale functions 



{F is Riemann integrable by assumption), we only prove (2.16) for F{x) = l{xe[o,a]}i where 
a > 0. Let a > be a fixed constant in the remainder of the proof. We have for such F 



E F{Sn - y), min Sk > 0, min Sk>y 

A;£[0,n] fc£[A,jn,n] 

P( min Sk > 0, min Sk > y, Sn < y + a). 

fcS[0,n] fce[A„n,n] 



Let 



-y,a,n(a;) := Px mlu Sk > y, 5'(i_A„)n < 1/ + O 

fee[0,(l-A„)n] 
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For F{x) = l{x&[o,a]}, applying the Markov property at time A„n (we assume that A„n is 
integer for simphcity), we obtain that 



(2.17) E 



F{Sn - y), min 5"^ > 0, min Sk>y 

fcG[0,n] fcG[A„n,n] 



E 



0y,a,n(5'A„n), min Sk > 
fce[0,A„n] 



We estimate 4>y^a,n{x). Reversing time, we notice that 



(2,18) 



( 



^y,aAx) = P ( , min i-Sk) > -5(i_A„)„ -{x-y)>-a]. 

\ A:e[0,(l-A„)n] 



We introduce the strict descending ladder heights and times {H^ , ) of —S defined by 
Hq := 0, Tq := and for any i > 0, 

1 := min{fc > + 1 : (-5'^) < H^}, 



Since E[S'i] = (and cr > 0), we have < oo for any i > almost surely. Similarly to 



equation (2.12), we have now R^{x) = ^i>oP{H^ > —x). Splitting the right-hand side of 



(2.18) depending on the value of the time i for which = minfcg[o,{i-A„)n](— •S'fc), we then 



have 



(2.19)0j,,a,„(x) 



( T,- < (1 - Xn)n,Hi > -^(i-A„)n 

£>0 V 



{x — y) > —a, min {—Sk) > 

fce[T-,{l-A„)n] 



By the strong Markov property at time , we see that for any h G [—a, 0] and t G [0, (1 — 

An)?^)], 



P { > -S'(i_A„)n -{x-y)> -a, min (-5"^) > 

fce[r-,(i-A„)n] 



l{h>-a}P I , mm 

\je[0,(i~K)n-t] 



{Hi,Tf) = ih,t) 
i-Sj) > 0, -S'(i_A„)n-t e [{x - y) - a- h,{x - y 



Let ■ip{x) := xe ^ ^'^l{x>o}- By Theorem 1 of [I2] and equation (2.15), we check that 



l{h>-a}P { , min (-Sj) > 0, -S'(i_A„)„-t G [(x - - a - /i, (x - y)] 

\ ie[0,{l-A„)n-t] 



-{h>-a} 



a{l - \n)n 



{h + a)ip 



X 



a 



n 
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uniformly in a; G M, t < n}!'^ ^ h G [— a, 0] and y G [0,r„]. Here we used the fact that 
hmsup„_^o^ A„ < 1. We mention that the cut-off t < •n^l'^ is arbitrary since the statement is 
vahd for any t = o{n). To deal with t G [n^/^, (1 — An)n], we see that 



l{/i>-a}P 



min i-Sj) > 0, -5(i_A„)n-t e [{x - y) - a - h,{x - y)] 



= l{h>^a}0{h + a + l){{l-X„)n-t + l) ' 
again by Theorem 1 of [I2]. The last equation is valid uniformly in x, ?/ G M, t G [0, (1 — A„)ri] 



and h G [—a, 0]. Going back to (2.19), this implies that, for any x G M and y G [0, r„] 



■'y,a,n 



X 



o(n-^) + 



o-(l-A„)r2 \a^/l 

0(1) 



,r-<ni/2} 



where we used the fact that J2e>o^(^i — '~^) ~ = since a is a constant. 
Observe that 

[(if,- +a)l^^->_,,^->„V2}] < aJ2P{Hi > -a, > n'/') = o(l) 
as n — )■ cxD by dominated convergence. Therefore, 



■'y,a,n 



X 



o(n ^) + 



+ 0(1) 



X 



£>0 



a(l-A„)n \ay/{l-Xn)ny 
H~ + a + l ^ 



We want to show that the last term is o(n ^) as well. We observe that 



E 



H7 + a + l 



< (a + 1)E 



L{i/->-a,776(ni/2,(i_A„)n]} 

(1 - Xn)n -T- + 1 



Since ^,>oP {H^ > — ct, = k) < P{Sk G [0,a], minj<fc S'j > 0), we obtain by (2.8) that 

{H^ > -a, Tf = k) < a2{l + afk-^l"^ 



i>0 
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which yields that 



EE 



Ho + a + 1 



1 



L(l-A„)nJ 
fc=[„l/2J+l 



(1 - \n)n -k + l 



o[n 



as we require. Therefore 



aJx) = oin ) + 



X 



£>0 



{i?->-a} 



uniformly in x > and y G [0,r„]. By (2.7), we know that P(minfcg[o_„] 5*^ > 0) < ain ^1"^. 



It follows from equation (2.17) that 



E 



F[Sn - y), min > 0, min > ?/ 

ke[0,n] ke[(l-Xn)n,n] 



Oin 



-3/2^ 



a(l - A„)n 



E 



S 



a 



a/(1 - Xn)n J ' fce[o,A„n] 



min Sk > 



{H->-a} 



We know (see [9]) that Sn/{cm^^'^) conditioned on min^gp^nj Sk being non-negative converges 
to the Rayleigh distribution. Therefore, 



lim E 

n— >oo 



s 



Xn-n 



]n 



min Sk > 

ke[0,X„n] 



1p \ X \ 

x>0 \ V 1 — An 
TT 



ip{x)dx 



In view of ( |2.14[ ), we get that, as n — )■ oo. 



E 



crA/(l - A„)ra / ' fce[o,A„n] 



min S'fc > 



A„(l - A„) 



n 



We end up with 



E ^(5,, - y), min 5^ > 0, min Sk>y 

fc6[0,n] fe£[A,in,n] 



£>0 
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uniformly in ?/ G [0,r„]. We recall that X]^>o-P(^^ — ~ -R-(o) by definition and we 
took F{x) — l[o,a](a;). By Fubini's theorem, it follows that 



J]E[(i/7 + a)V->_,j 



F{x)R-{x)dx, 



x>0 



which completes the proof. 



□ 



3 The minimum of a killed branching random walk 

It turns out to be useful to study first the killed branching random walk. Let 

T'^iii ■={ueT : V{uk) > 0, VO < /c < \u\} 

be the set of individuals that stay above 0. We investigate the behaviour of the minimal 
position 

(3.1) 1 := mm{V{u), \u\^^^ = n} 

where we write \u\^^^^ to say that u e T"^''' and \u\ — n. If M^'^' < oo, i.e. if the killed branching 
random walk survives until time n, we denote by 

^kill,(n) ^ 

vertex chosen uniformly in the 
set {u : \u'^'^^^ — n, V{u) — M^^^} of the particles that achieve the minimum. It will be 
convenient to use the following notation, for 2; > 0: 

3 

(3.2) an{z) := -Inn- 2;, 

(3.3) In{z) := [an{z) -l,an{z)), 

and for 2; > 0, < A; < n and A e (0, 1), 

0, ifO<A;<An, 



(3.4) dk{n, z, A) := 



max(a„(2; + 1), 0), ii \n < k <n. 



We will see later that, as n — >■ 00, conditionally on being in /^(-z), a particle that achieves 
the minimum at time n did not cross the curve k ^ dk{n,z -\- L, A) with probability tending 
to 1 when the constant L goes to 00 (and A is any constant in (0, 1)). The section is devoted 
to the proof of the following proposition. 
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Proposition 3.1 For any e > 0, there exist a real yl > and an integer N > 1 such that 
for any n > N and z G \A, (3/2) ln(n) — A\, 



< e 



where C2 is some positive constant. 

Corollary 3.2 Let Ci := jz^- For any e > 0, there exist a real A > and an integer 
N >l such that for any n> N and z G \A, (3/2) ln(n) - A\, 



< e. 



Proposition L2 immediately follows from Corollary 3^ Assuming that Proposition 
holds, let us see how it implies the corollary. 



Proof of Corollary 3.2 Let e > 0. We have by equation (2.1), for any integer n > 1 and any 
real r > 0, 



E 



l{V(«)<r} 

|u|'^"'=n 



E 



e , Sn < T, min Sj > 

0<j<n 



< e^'P { Sn<r, min > 

0<j<n 



By (2.8), we have P {Sn < r, mino<j<„ 5*^ > 0) < 02 *'^^/] . We deduce that 
(3.5) P(Mf < r) < c{r)n~^/^ 



with c(r) := C2e^(l + r)^. Let Ai and A^^i be as in Proposition 3.1 We have for n > Ni and 
ze[A,,{3/2)\n{n)-A,], 



P(Mr e /„(^)) - C2e- 



Summing this equation over z + k such that z + k & [Ai, (3/2) ln{n) — Ai], we get that for 
any n > Ni and z e [Ai, (3/2) ln{n) - Ai], 



P(Mf ' G K„ a„(^))) - C2e-^ ^ 



La„(2:+Ai)J 



< ee" 



fc=0 



fc=0 



1 -e- 
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where rn,z '■= (in{z) — [an{z + Ai)\ < A\. By (3.5), we get that 

La„{z+Ai)J 

P(M™ < a„(z)) - Cse-^ < y^^e'' + c{A, + l)n 



fc=0 



-3/2 



Let A2 > Ai large enough such that J2k>A2-Ai ^ ^ < and c{Ai + 1) < ee^^. Then, for 
any n > Ni and z e [Ai, (3/2) \n{n) - A2] 

C2 _ 



P(Mr < an{z)) 



which completes the proof. 



1 -e- 



< £((l-e-i)-i + l)e-^ + £e^^n-3/2 

< £((l-e^^)-^ + l)e-" + £e-" 



□ 



3.1 Tightness of the minimum 



Our aim is now to prove Proposition 3.1 In other words, we want to estimate the probability 
of the event {M^'" G /„(z)}. The first lemma gives information on the path of particles 
located in In{z). 

Lemma 3.3 Let < A < 1. There exist constants C3, C4 > such that for any n > 1, L > 0, 
X > and z > 0, 



(3.6) 



Px(^u e T'^^" : \u\ = n, V{u) G /„(z), min V{uk) G In{z + L)] < 03(1 + a;)e-^*^e 

\ fee [An, n] / 



C4L —x — z 



Proof. Let E be the event in (3.6), and write dk = dk{n,z + L,X) as defined in (3.4). 
Considering the time when the minimum minfcg[An,n] V{uk) is reached, we observe that E C 
UfcefAn.nl where we define Ef, := [j\u\=n^k{u) and for any ueT with 



\u\ = n. 



Ekiu) := {Viue) > rf, , VO < £ < n, V(m) G /„(z), Viu^) G Uz + L)}. 
Similarly, let 

EkiS) := {Se >de,'iO<i< n, Sn G /„(^), Sk G /„(^ + L)}. 



We notice that P^{Ek) < E|«|=n '^Ek(u) which is [e^" '''^e,{s)] by (2.1) 
In particular. 



(3.7) 



Px{Ek)<n'/\-''-'Px{Ek{S)). 



14 



E. AIDEKON 



We need to estimate Px{Ek{S)). By the Markov property at time k, 



X P Sn-k G [L - 1, L + 1], min Se > -1 

' £G[0,n-fc] 



For the second term of the right-hand side, we know from (2.8) that there exists a constant 
C5 > such that 



(3.8) P ( Sn^k e[L -1,L + 1], min Si > -1] < c^in ~ k + + L). 

\ eelo,n-k] J 

To bound the first term, our argument depends on the value of k. Suppose that < k < 



n. We have by ( |2.9[ ) 
(3.9) 



Px {Se>di,yO<i< k, Sk G In{z + L)) < C6 



(1 + x) 

^3/2 



If Xn < k < ^y^n, we simply write 



Px {Si>de,\/0<£< k, Sk G In{z + L)) < P,. Sk G In{z + L), min 5, > 



(3.10) 



< 07(1 + x) ln(n)r2~^/^ 



by (2.8) . From (3.8), (3.9) and (3.10), there exists a constant cs > such that 



P.{E,{S)) < cs(l + a:)(l + L)n~'/' [a'^/' + ^) 



feS[An,n— a] 



for any a > 1. By (3.7), this yields that 

(3.11) P-^^'^) ^ ^8(1 + a:)(l + ^e-"^-' L-^'^ + . 

It remains to bound Pa;(-E'fc) for n — a < < n. We observe that 

P.{Ek) < Px (3 \u\ = k : V{ui) >di,WO<i<k, V{u) G In{z + L)) . 



By an application of (2.1), we have 



P.iEk) < n^'/'e-^-^-^P, {S^>d,,WO<i<k,SkeIn{z + L)) 
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which is < Cge ^ ^ ^(1 + x) by (2.9) (for A; > (1 + A)n/2 for example). It follows that, for 
ae [l,(l-A)n/2], 



(3.12) 



J2 Px{Ek) <cg{l + a){l + x)e- 

kS:[n—a,n] 



■x—z—L 



Equations (3.11) and (3.12) yield that, for any n > 1, z, L > and a G [1, (1 — A)n/2], 
(3.13)P,(E)< Px(i?fc)<(l + x)e-^-'{c8(l + L)ra-^/2^^')+C9(l + a)e-^}. 



fc£ [An,n] 



Notice that (3.6) holds if L > (3/2) Inn since the left-hand side is 0. If L < (3/2) Inn, take 
a = max(l, ae^^) with a, (3 > small enough and use (3.13) to complete the proof. □ 



We deduce the following corollary. 



Corollary 3.4 We have for any z,x >0 and any integer n> 1, 



Px (M™ < a„(z)) < cio(l + x)e-^-\ 
Recall that an{z) := | Inn — z, /„(z) := [an{z) — 1, a„(2;)) and dk{n, z + L, X) is defined 



in (3.4). 



Definition 3.5 For u eT, we say that u G Z^' if 

\u\ = n, V{u) G In{z) and V{uk) > dk (n, z + L, 1/2) W k < n. 

Notice that if m G Z^'^, then necessarily u G T*^''^. In words, u G Z^'^ means that a particle 
is located around | Inn — and did not cross the curve k — )■ dk{n, z + L, 1/2). We deduce 



from Lemma 3.3 that for any e > 0, there exists Lq > such that for any n > 1, L > Lq 
and 2; > 0, 



(3.14) 



P (3 m G T'^'" : 



^ V{u) G In{z)) < ee-\ 



Equivalently, with high probability, any particle of the killed branching random walk located 
around | Inn — z stayed above the curve k — (ifc(n, z + L, 1/2). We show now that P(M^'" < 



|lnn — z) has an exponential decay as 2; — 00. Corollary 3.4 gives an upper bound. The 



following lemma gives a lower bound. 
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Figure 1: path of a vertex in 



z,L 



an{z + L + 1) 



Lemma 3.6 There exists Cu > such that for any n > 1 and z G [0, (3/2) Inn — 1] 

3 



P M, 



kill 



< - Inn — z j > Cue ^. 

Proof. The proof rehes on a second moment argument. Let z G [0, (3/2) Inn — 1] and n > 1. 
For 1 < k < n, let 

'A;1/12, ifl<A;< 



An) ._ 



2 ' 

if I < A; < 



and write for brevity dk = dk{n, z,l/2). In order to have good bounds in our second moment 
argument, we will restrict to 'good' vertices which do not have 'too many' descendants. This 
leads us to the following definition. We say that |m| = n is a 2;-good vertex if u G 2^'° and 



(3.15) 



J2 e-^^^^^-''^^[l + {V{v) 



dk 



< Be 



Vl< A; < n, 



where ^{y) stands for the set of siblings of y, i.e the particles x ^ y which share the same 
parent as y in the tree T. The number i? > is a constant that we will fix later on. The 



reason of such a definition becomes clear in the computation of the second moment in (3.18) 



Such conditions on the behavior of the children off the path of the spine in a second moment 
argument are not new, and were already used in [15]. 

Remember the probability measure P that we introduced in Section 



2.1 



which is asso- 



ciated to the expectation E. We recall that Wn is the spine at generation n, and we know 
from Proposition 2.2 (ii) that {y{wk)ik > 0) under P has the law of the centered random 
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walk {Sk,k > 0) under P. By (2.10) with a„ = (3/2) Inn, there exists cis > such that 



P{wn G ^n'^) — 2ci3n '^^^ . Then, by Lemma C.l, we can choose B > such that for any 
n > 1 and 2 G [0, (3/2) Inn - 1] 



P{wn is a 2;-good vertex) > cian' 



-3/2 



Let Goodn be the number of z-good vertices at generation n. We have by definition of the 
measure P then Proposition 2.2 



E [Good, 



-ir ^ ] 1{m is a z-good vertex} 
E [e^^"'"'*, Wn is a z-good vertex] . 



On the event that w„ G Z^'^, we have that V{wn) > (3/2) ln(n) — z — 1. Therefore, 
(3.16) E [Good„] > n^/^e"''"^P {wn is a z-good vertex) > Cise"''"^ 



We look at the second moment. We use again Proposition 2.2 (i) to see that 



E [(Good„y] = E [e^^^'^^Goodn, w„ is a z-good vertex] 
< n'^''^e~^E [Good„, Wn is a z-good vertex] 

since V{wn) < (3/2) ln(n) — z when Wn G Z^'^. Let Yn be the number of vertices u such that 
u G 2^'^. We notice that F„ > Good„, hence 

E [(Goodn)^] < n^/^e"^E [Yn, Wn is a z-good vertex] . 

We decompose F„ along the spine. We get 

n 

k=l u£Q{wi^) 



where Y„(u) is the number of vertices v which are descendants of u and such that v E Z, 



2,0 



Therefore, 



(3.17) 



E [(Good„)^] < n^/^e ^^P(w„ is a z-good vertex) 



k=l 



Yn(u), Wn is a z-good vertex 
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Recall from (2.5) that Q^o is the a-algebra generated by the spine and its siblings. Recall 



that the branching random walk rooted at u G ^{wk) has the same law under P and P. For 
u G Q{wk), we have Yn{u) = if there exists j < \u\ such that V{uj) < dj. Otherwise, we 



have by (2.1 ) 



E 



yniu) I Qoo 



E 



V{n) '^{Vivj)>d,,+,,VO<j<n-k,Viv)eI„iz)} 
\v\=n—k 

e-^('^)Ey(„) [e^"-^ Sj > 4+„ VO <j<n-k, S^-k e hi 



Consequently, 



E[r„(n)|^oo] < ri='/V^-''^")Pv(„)(5',>4+„V0<j<n-A;,5„_fcG/„(z)) 



?,/2-z-V{u) 



n ' e 



p{V{u),k,n,z) 



the latter inequality consisting the definition of p{V{u), k, n, z). Hence, equation (3.17) gives 
that 



E [(Good„)^] < n^/^e ''(^P(m„ is a 2;-good vertex) + 

n 

(3.18) n^/V^^E 

k=l 

We want to bound p(r, k, n, z) for r G M. We have to split the cases k < n/2 and n/2 < k < n. 



e ^'■"^p(1^(m), k, n, z),Wn is a z-good vertex 



Suppose first that k < n/2. Then p(r, k,n, z) = if r < 0. If r > 0, we apply (2.9) to see 
that for any n > 1, k < n/2, r > and z > 0, 

p(r, k, n, z) < Cii{r + \)n^^^'^ . 

This implies that, for any n > 1, k < n/2, r > and -2 > 0, 



LfJ 

EE 

k=i 



< Ci4n-3/2^E 

k=l 

LtJ 

< Ci4-Bn~^/^ e~'^*P {wn is a z-good vertex) 

k=l 



e ^'•"^p(V"(u), /c, n, z), is a z-good vertex 

LfJ 

e~^*'''^(l + l^(u)+), w„ is a z-good vertex 

M£f2(tOj.) 
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where the last inequahty comes from the property (3.15) satisfied by a good vertex. When 



n/2 < k < n, we simply write p(r, k, n,z) < 1 and we get 



fc=LtJ+i 

n 

< ^ E 



e ^^"'*p(V"(m), k, n, z), Wn is a z-good vertex 



e ^^"^ is a z-good vertex 



fc=LtJ+i 



-iViu)-dk) 



Wn is a z-good vertex 



< Bn ^/^gZ+i ^ e '''=P is a z-good vertex) 



by (3.15). Going back to (3.18), we deduce that for any 2; > and n > 1, 

n 

E [(Good„)^] < n^/^e"^|l + Ci5 ^e'^^jp (ti?„ is a z-good vertex) 



k=l 



< CiQU^^'^e {wn is a z-good vertex) . 
Now, observe that P{wn is a z-good vertex) < P{wn G 2^'°) < Ciyn"'^/^ by Definition 



3.5 



and 



equation (2.9). Hence 
(3.19) 



E [(Good„)'] < cise- 



By the Paley-Zygmund inequality, we have P(Good„ > 1) > ^!p°°'!"L which is greater 



E[(Good„)2 

than Cige"^ by (3.16) and (3.19). We conclude by observing that if Good„ > 1 then M^'" < 
I In 77, — 2. □ 



3.2 Proof of Proposition 3.1 



Corollary 3^ and Lemma [3l6] already give the right rate of decay, but we want to strenghten 
it into an asymptotic as z — ?■ 00. We recall that 

^kill,(n) jg 

chosen uniformly among the 

particles in T*^'^^ that achieve the minimum. We introduced the notation Z^'^ in Definition 
By (3.14), we have that with high probability m'^'"'^") G Z^'^ whenever M^^^^ G Iniz), 



3.5 



where L is a large constant. The first step of the proof is to give a representation of the 
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probability P {M^'^^ e /„ (z), m'^'"'*-"-' G Z^'^) in terms of the spine decomposition presented 



in Section 2.1 Recall that the notation \u\ = n is a short way to say that u G T and 
\u\ = n. 



Lemma 3.7 For any z > 0, L > 0, and n > 1, we have 



(3.20) P (Af™ G In{z), m'^^"'^") G Z^'^) = E 
Proof. We observe that 

P {M^^^ G In{z), m'^^"'^") G Z^'^) 



{y(«>„)=Mkill} 



Zl|«|kiii=„ l{V(«)=Afkm} 



,WneZ^ 



z,L 



E 



E 



-'-{M=mkill.{"),Me2^-^} 

|n|=n 

I]|„|kill=„ l{y(n)=Mkill} 



Using the measure P, it follows from Proposition 2.2 (i) that 



E 



Z]|«|kill=„ l{y(n)=Mkill} 



E 



|„|kiii=„ J-{y(«)=Mkiii} 



which completes the proof. 



□ 



We now study our branching random walk under P, which we identified with the branch- 



ing random walk B by the mean of Proposition 2.1 For b < n integers and z > 0, we define 
the event £niz, b) G by 

(3.21) Sn{z,b) := {ik <n-b,^v eVl{wk), min V{u) > a^iz)} 

where, as before, fl{wk) denotes the set of siblings of Wk- On the event £n{z,b) fl {M^^^^ G 
In{z)}, we are sure that any particle located at the minimum separated from the spine after 
the time n — b. The following lemma will be proved in Section 3.3[ 



Lemma 3.8 Let rj > and L > 0. There exist A > and B > 1 such that for any integers 
n> b > B and any real z > A, 



(3.22) 
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Let, for X > 0, L > 0, and any integer 6 > 1 

"e^(-^)-^l|v^(^,)=M,} 



(3.23) FlA^) 



, min V{wk) > -1, V{wb) E [L - 1,L) 



J2\u\=b l{V(«)=Aff,} ' kelOM 

We stress that Mh which appears in the definition of Fl^i,{x) is the minimum at time h of the 
non-killed branching random walk. Then, define 



(3.24) 



a 



V2 



FL^b{x)R-{x)dx, 



x>0 



where C_, C+ and R^{x) were defined in Section 2.2 We recall that, by Proposition 2.2 
(ii), the spine has the law of (Sn)n>o- In (3.23), we see that ■^{v(^b)=Mi} — jg gj^ialler than 



1, and e^*^"'*'-' ^ < 1. Hence, \FL,b{x)\ < P{Sb < L — x) =: F{x) which is non-increasing in x, 
and j^^^F{x)xdx = ^E[(L — Sb)'^l{St<L}] < oo. Moreover, changing the starting point from 



X to 0, we observe that 



Frbix) = e^E 



QV{wt,)-L-^ 



{V{wi)=Mb} 



J2\U\: 



-{minj-gfo,;,] V(un:)>~x-1, V{wb)e[~x+L-l-x+L)} 



,\u\=b ^{V{u)=Mt} 

The fraction in the expectation is smaller than 1. Using the identity |l£; — ali?| < 1 — a + 
\1e — 1f\ for a G (0, 1), this yields that for a; > 0, £ > and any y G [x,x + e], 

\FL,biy) - FL,bix)\ 



l{mmfcg[o,6] 5fc>-|/-l,56+y-Le[-l,0)} " ^l{mmfeg[o,i, S'fe>-x-l, S'6+x-Le[-l,0)} 



< e^E 

< e^(l -e"") -f-e^'E 



kminfeg[o,i,l5fc+x'+le[-e,0)} + l{S6+x-Le[-l-e -l)U(-£,0]} 



from which we deduce that x — )■ Fi^ix) is Riemann integrable. Therefore, FL^b satisfies the 



conditions of Lemma 2.3 for any L > and integer b > 1. 



We want to prove that the expectation in (3.20) behaves like e ^ with some constant 



factor, as z — oo. By Lemma 3.8, we can restrict to the event Sn{z,b). The next lemma 
shows that the expectation on this event is then equivalent to C^^b^'^. 



Lemma 3.9 Let L > and r] > 0. Let A and B he as in Lemma 3.^ For any integer b > B, 
we can find a constant H > such that for n large enough, and z G [A, (3/2) ln(?2) — L — H\, 



(3.25) 



e"E 



L{y(^„)=Mkiii} 



|„|kiii=„ -L{y(„)=Afkiii} 



-C 



L,b 



< 3r/. 
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Proof. Let L, rj, A, B be as in the lemma. Throughout the proof, 6 is a fixed integer which 
is greater than B. We denote by E|3:25l the expectation in (3.25). Recall that under P, our 



process is identified with B. Applying the branching property at the vertex Wn-b to B, we 
have for any n > b and z > 0, 



E 



|3.25| 



E 



where di := ^^(n, z + L, 1/2) (see (3.4)) and F^""^^ is defined for x > by 
(3.26) 



F'"'(x) := E. 



{yK)=Mkiii} 



min V{wk) > an{z + L + 1), V{wb) G In{z) 



Notice that F^^\x) < n-^/^e-'P^immk^^io^t] V{wk) > a„(;z + L + 1), V{wb) G /„(z)). Hence 



E, 



|3.25| 



E 



F^'^Viwr^.t)), Viwe) >de,\/i<n-b 



F^'\Viwn-b)), Viwe) >de,yi<n- b, (f„)^ 



= E 

where we wrote Sn for Sniz, b). By the Markov property, the term 



min Viwk) > aniz + L + 1), Viwb) G hiz) )l{v{we)>dey e<n-b}n{Snr 

[0,6] 



E 



'v{w„-t)[ min Viwk) > a„(z + L + 1), Viwb) G Iniz))l{v{we)>de,\/e<n^b},(£„y 

\ke[0,b] / 



is equal to P(^Wn G Z^'^, (£^„(2;, 6))^^ which is at most rjn when z > A and n > 6 by 
Lemma 3.8 and our choice of A and B. Therefore, for any n > b and z > A, 



(3.27) 



E||3.25li ~" E 



F^''\Viwn-b)), Viwe) >de,yi<n-b 



< 



r]e 



Recall the definition of FL^b in (3.23). We would like to replace F^^^\x) by n^^'^e ^Fi^bix — 
ttniz + L)). We notice that 

n^/^e-'FL,bix -aniz + L)) 



E, 



T.\u\=b'^{V{u)=M„}' keloM 



min Viwk) > aniz + L + 1), Viwb) G Iniz) 



We observe that the only difference with (3.26) is that the branching random walk is not 



killed anymore. Since 



{y(u)=Mf"} 



is at most 1 and is equal to zero 



if no particle touched the barrier 0, we have that, for any H > such that H < aniz + L), 



-{V{wt)=Mt} 



L{yK)=Mk"i} 



L{V(«)=Mk'"} 
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e^^'"''h{3\u\<b:Viu)<a„{z+L+H)}, mill V{Wk) > ttn^Z + L + 1), V{Wb) G /„( 

fcG[0,b] 



'^{3\u\<b:V{u)<a„{z+L+H)}, mill V{Wk) > an{z + L + 1), V{Wb) G In{z) 



Consequently, 

F^^\x) - n^'^e-'F^b{x - a„(z + L)) 
< % 

= n^/^e"''G'//(x - a„(z + L)) 
with for any y >0, 

Gniy) := Py (^{^\u\ < b : V{u) < -H} D {mmV{wk) > -1, V{wb) E [L - 1,L)}^ . 

We do not write the dependency on L and b > B because they are fixed in this proof and 
are considered as constants. This shows that, for any 2; > 0, n > 1 and H G [0, a„(-2 + L)] 



so 



E 



;ikill 



{V{wn-b)) - n^/'e-'FL,b{V{wn^b) - an{z + L)) 



^{V{wi)>de,\/ e.<n-b} 



< n^l\-'t.\GH{V{wn^b)-an{z + L))l 



{V(wi,)>dt,'i l<n~b} 



We choose H such that jy^^GH{y)R^{y)dy < r]/2. We can check that the function 

Gh satisfies the conditions of Lemma 2.3| as we did for F^^b- By Lemma 2.3, this yields that 



E 



F'^'^'iViw^.b)) - rr"\-'FL,b{V{wn-b) - an{z + L)) 



\-{V{wt)>dt,y i<n-b} 



for n large enough and z E [0, (3/2) Inn — L — if]. The cut-off at (3/2) ln(n) — L — if is here 
only to ensure that H < an{z + L). Combined with (3.27), we get that for n large enough, 
and z G [A, (3/2) In(ri) - L - H], 



(3.28) 



EE;m-n^^^e-'E\FL,b{V{wn^b)-an{z+L)), V{we) > rf,, VO < £ < n-b 



Recall the definition of Ci^b m (3.24). We apply again Lemma 2.3 



E 



FL,b{V{wn-b) - an{z + L)), Viwe) > d,, \/ < £ < n - b 



to see that 

Cr 



n 



3/2 



as n — )■ 00 uniformly in 2; G [0, (3/2) ln(n) — L\. Consequently, we have for n large enough 
and z G [0, (3/2)ln(n) - L], 



n^/^e-'E\FL^b{V{wn-b) - an{z + ^)), V{wt) >de,^0<i<n~b 



L.b 



< rje' 
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The lemma follows from (3.28) 



□ 



We now have the tools to prove Proposition 3.1 



Proof of Proposition 3.1. Let E([3^ be the expectation in the left-hand side of (3.25). We 
introduce for any L > and any integer & > 1, 



C^^ := liminf liminf e^Era, 

' 2— >oo n— ^oo ' ' 

:= limsuplimsupe^E|3^. 



2— ^oo n— ^oo 



In particular, taking the limits in n — t- cxd then z — )■ oo in (3.25), we have, for any L > 



?7 > and h > B{L,ri) (with B{L,ri) as in Lemma 3.8), 

(3.29) CL,t -3r]< < C+, < Cl,^ + 3r/. 

Notice that Sn{z,b) (hence E|[3:25li) is increasing in b. This implies that Cj^f^ and are 



both increasing in b. For any L > 0, let and be respectively the (possibly zero or 



infinite) limits of ^ and C^j, when b — > oo. By (3.29), we have for any L > and rj > 0, 

limsup Cifi — 3r7 < Cj^ < < liminf Cl^i, + 3?]. 



6— ^-oo 



Letting rj go to 0, this yields that C^^b has a limit as 6 — )■ oo, that we denote by C{L) = 
= C^, this for any L > 0. Similarly, we see that E |3^ is increasing in L. This gives 
that C{L) admits a limit as L — i- oo, that we denote by C2. Beware that at this stage, we 



do not know whether C2 G (0, 00). Let e > 0. By (3.14), there exists Lo > such that for 
any L > Lq, z > and n > 1, 



By Lemma [3. 7[ this yields that for L > Lq, z >0 and any n>l, 



P(Mr e Uz)) - E 



L{V(«;„)=Mljill} 



Zl|u|kiii=„ l{y(« 



)=Mifm} 



2,L 



< ee 



Take again 77 > and L > Lq, and let B = B{L,ri) > 1 and A = A{L,t]) > as in Lemma 
We have 



E 



L{V{«,„)=Mkill} 



|„|km=„ l{y(„)=Mkiii} 



< n3/2e-^P(ti;„ G Z^'^, ^„(^,6)^) < r^e" 
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for any n > b > B and z > A. Consequently, for any L > Lq, n > b > B and z > A, 



P(Mf ' e Uz)) - E 



{y(«,„)=Afkiii} 



< {e + ri)e-\ 



By Lemma 3.9, we get that for L > Lq, b > B{L, r]), n large enough and z G [A{L, r]), (3/2) ln{n) 
L-H{L,r],b)], 



(3.30) 



e^P(Mf 1 G Iniz)) - CL,b <is + At]) 



We stress that Ci^b depends actually on r] and e through the choice of Lq and B{L,ri). By 



(3.30) and Corollary 3.4, we know that for L > Lq and b > B(L,ri), we have CL,b < cio + e + 



Ai]. Taking the limit b oo, this implies that for any L > Lq, we have C{L) < ciq + e + Arj. 
Taking the limit L — )• oo, we deduce that C2 < Ciq + e + Arj hence C2 is finite. Let L > Lq 



such that IC2 - C{L)\ < r] and b > B{L) such that \CL,b - C{L)\ < r]. Then, by we 
have for n large enough and z G [A{L, rj), (3/2) ln(n) — L — H{L, t], b)], 



e^P(Mr G/n(^))-C2 



<6 + 6r]<26 



if we take t] := e/6. It remains to show that C2 > 0. We see that, necessarily. 



lim sup lim sup 

z—>oo n— >oo 



g^p^^jkiu ^^\ogn-z) — 

2 1 — e" 



0. 



We know then that C2 > by the lower bound obtained in Lemma 3.6 



□ 



3.3 Proof of Lemma 3.8 



We present here the postponed proof of Lemma 3.8 



Proof of Lemma 3^ We follow the same strategy as for Lemma 3.6 Let t] > 0. To avoid 
superfluous notation, we prove the lemma for L = (the general case works similarly). Recall 
the definition of Sn{z,b) in (3.21). We want to show that P{Sn{z,bY, Wn G Z^'°) < r/ra"^/^ 



when b and z are large enough. Let = dk{n, 2, 1/2) as defined in (3.4) and 
(3.31) 



if < A; < f. 



(n-A;)i/i2, if|<A;<n. 
We recall that \u\ = n is a ^-good vertex if -u G Z^'^ and 

J2 e-(^(")-'^'=)|l + (V(t;)-4) + } <5e-'='= Vl<fc<n 
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with B such that, for n > 1 and z > 0, 



(3.32) 



fsee Lemma 



P{wn € Z^'^, Wn is not a z-good vertex) < 



n 



3/2 



C.l). Recall that VL{wk) is the set of siblings of Wk and ^oo is defined in (2.5). 



Recall the law of the branching random walk under P which we identified with B by the 



mean of Proposition 2.1 For 8n{z, b) to happen, every sibling of the spine at generation less 



than n — b must have all its descendants at time n at position greater than an{z). In other 
words. 



(3.33) 



P{{Sn{z,b)y, Wn is a z-good vertex) 

n—b 

E 1 - JJ Yl (1 - $g|i(V(M), z)), Wn is a z-good vertex 

k=l ugSl(uij;) 



where ^\^^^{V (u) , z) := Pv{u){M^^\ < an{z)) is the probability that the killed branching 
random walk rooted at u has its minimum greater than a„(-2) at time n — k. By Corollary 



3.4, we see that, if \u\ < n/2 (hence a„(z) = an-\u\{z) + 0(1)), then 

^ZiViu),z) < C2oil + ViuU)e-^-''^^\ 

On the event that w„ is a z-good vertex, we have ior k < n/2 (hence dk = 0), J2uen{w^:)^ 
V{u)^)e~^^^^ < Be~^^ = Be~^^'^^ . Using the inequality x > e*^^~^)/^ for x close enough to 1, 
we deduce that there exists Aq > such that for z > Aq, n > 1, and l<A;<'n,/2, on the 
event that Wn is a 2;-good vertex, we have 



1 + 



with C21 := C20B/2. This yields that 

Ln/2J 



n {l-1>f^iV{u),z))>exp(^-c,,e-%- 



fci/12 



[n/2\ 



n n (1 - *Kn(^(^)' > -C2ie-^ Yl ^ ^ exp(-C22e-^) 



k=l 



k=l u6f2(«)fe) 

Therefore, there exists Ai > Aq such that for any z > Ai and n > 1, 



(3.34) 



Ln/2J 

n n (i-<fS(n«),^))>(i-^)^/'- 

A;=l ji£f2(«)j.) 
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li k > n/2, we simply observe that if M^''^ < x, a fortiori Mg < x. Since Wn (defined in 



(Q) is a martingale, we have 1 = E[We\ > E[e-^^'] > e-^P(M<> < x) for any ^ > 1 and 
x G M. We get that 



a-niz)^-Viu) 



ntiViu), z) < P(M„_|„| < an{z) - V{u)) < e'^-^'^e 

We rewrite it $|^|^(V('u), z) < e~(^(")^'^'') for n/2 < k < n. On the event that Wn is a 2-good 
vertex, we get that n«en(«;fc)(l " '^f^i^i^)^ ^)) > e'^^se-^fc ^ g-c23(n-fc)i/i2 ^ greater than 
some constant 61. Consequently, for any b > bi, 



n—b 



n n (i-$s(^W'^))>e^ 

fc=[n/2j+l uen{wk) 



-C23 E 



n — fa 

fe=[n/2J+l ' 



-(u-fc)l/12 



This yields that there exists B > 1 such that for any b > B and any n > 1, we have, 

n—b 



(3.35) 



fc=[?i/2j+i Mer2(«ifc) 



In view of (3.34) and (3.35), we have for b > B, z > Ai and n > 1, YYk=iY[uen(w.)i^ ~ 



*fcn(^(«). z)) > (1 - r?). Plugging it into (3.33) yields that 



P{{£n{z, b)y, Wn is a 2-good vertex) < rjP (w„ is a 2;-good vertex ) < r]P (wn € 2^'°) . 



It follows from (3.32) that 



Pii£niz,b)y, Wn G Zf) < r]iP {wn e + 



n 



-3/2N 



Recall that the spine behaves as a centered random walk. Then apply (2.9) to see that 
P {wn € Z^'^) < C24n~^/^, which completes the proof of the lemma. □ 



4 Tail distribution of the minimum of the BRW 



We prove a slightly stronger version of Proposition 1.3 



Proposition 4.1 Let Ci be as in Proposition 1.2 and cq as in (2.13). For any e > Q, there 



exist N > 1 and A > such that for any n > N and z G [A, (3/2) Inn — A], 

—P{Mn<-lnn-z)-CiCo <e. 
z 2 
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We introduce some notation. To go from the tail distribution of M^'^^ to the one of M„, 
we have to control excursions inside the negative axis that can appear at the beginning of 
the branching random walk. For any real r, we define the set 

(4.1) S'' ■.= {ueT : min V{uk) > V{u) > -r}. 

k<\u\ — l 

Notice that 5'' = when r < 0. Let for |f | > 1, 

(4.2) ^v) := 5^ (1 + (Viw) - r(t7))+)e-(^(-)-^(^)) 

uier2(u) 

where v denotes the parent of v (and y+ := max(y, 0)). Notice that ^{v) is stochastically 



smaller than X + X as defined in (1.2). To avoid some extra integrability conditions, we 
are led to consider vertices u & which behave 'nicely', meaning that C,{uk) is not too big 
along the path {ui, . . . , u\u\ = u}. Hence, for any real r > 0, we introduce 

(4.3) := {m G T : VI < A: < \u\ : ^{uk) < e(^("'=-i)+")/2}. 

For any integer > 0, we denote hy S^, resp. T/J", the set iS^n{|M| = k}, resp. TTi{|m| = k}. 
Finally, for any integer n > 1, any z > and any m G T, define 



(4.4) 5:(«) : = 



1 i{3v>u:\v\=n, min£6[|„|,„] V{ve) > V{u), and V{v) < a„(z), 
otherwise. 



Notice that -B^('u) = if |m| > n. In words, B^{u) = 1 if there exists a descendant of u 
which stays above V{u) and is below level an{z) at time n. Observe that if M„ < a„(2;), 
then necessarily we can find such vertices u and v. The first subsection controls the set . 



Proposition 1.3 is then proved in Section 4.2 



4.1 The branching random walk at the beginning 

We will see that P(M„ < | Inn — 2;) is comparable to the probability that there exists 
u & such that B^{u) = 1. The lemmas in this section are used to give an asymptotic of 



this probability. As usual, we will use a second moment argument. Lemmas 4^ and 4^ give 
bounds respectively on the first moment and second moment of the number of such vertices 
u. We recall that M^''^ is the minimum at time n of the branching random walk killed below 
zero. For any integers n > 1, G [0, n], and any reals x,r, we recall that 

(4.5) <!>f;i{x,r):=P4M^\<a4r)). 
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Figure 2: The set 



By Corollary 3.2, there exists Nq > 1 and Aq > such that for any n > No, k < and 
r e [Ao,(3/2)ln(n)-Ao], 

(4.6) |e'-$^m(0,r)-Ci|<e 

where we used the fact that k = o{n) thus ln(n — k) = ln{n) + o(l) (the same statement 
holds when replacing n^/^ by any sequence o(n)). Moreover, we know by Corollary 3.4 that 
for any integers n > 1, k ^ [0,n], and any reals x,r > 0, 

3/2 

(4.7) $^;ll(x,r)<C25(l + x)e- 



n 



n — k + 1 



Lemma 4.2 (i) Fix e > and let Ci be the constant in Proposition \1.2 . There exists A > 
such that for all n sufficiently large, and all z G [A, (3/2) ln(?7,) — A\, 



(4.8) 



R{z - A) 



E 



E ^n(«)l{|. 



|<nV2} 



(ii) There exists a constant c such that for any n > 1 and any z G [0, (3/2) ln(n)], 



E 



^n(w)l{|«|>n 



1/2} 



< ce-^ 



(Hi) Uniformly m A > anc? n > 1, we have 



E 



E 



^n(")l{|n|<n/2} 



o[z)e 



as z CO, where the set {T^ denotes the complement of the set ^ in the set of 
vertices ofT. 
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Remark. In (i) and (ii), we could replace v}^'^ by n° with a G (0, 1). 



Proof. Let k < n. By the Markov property at time k, we have 



(4.9) 



E 



E 



ue-sf 



with as defined in (4.5). We want to apply equation (4.6) to r = z + V{u). We observe 



that z + V{u) G z] when u G ^. Hence, equation (4.6) holds for n > Nq, k < n^l'^ 



and r = 2 + V{u), with u E and z e [Aq, (3/2) ln(n) - Aq]. It follows from (Q that 

for n>No,k< n^/^ and z G [Aq, (3/2) ln(n) - Aq], 



(4.10) 



e"E 



-CiE 



E 



< sE 



E 

_ (-,2 — An 



-Viu) 



From the definition of and (2.1 ), we observe that, for any integer fc, and any z > A > 0, 



(4.11) 



E 



E 



-Viu) 



^{Sk > A - z, Sk < Si.'i Q < I < k - I). 



Summing over > yields that 



(4.12) 



E 



E 



R{z-A). 



In particular, summing equation (4.10) over k < •n}^'^ gives that for n > Nq and z E 
[Ao,(3/2)ln(n)-Ao], 



(4.13) 



e^E 



|<nV2} 



CiE 



e -'-{|„|<„i/2} 



< eR{z - 



Using the fact that P{Sk > —x, Sk < m.iiao<j<k~i Sj) = P((— 5*^) < x, mino<j<fc-i(— 5*^) > 



0), we have by (2.8), for any integer A; > and any real x > 
(4.14) 
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A-z 




an{z) 



Figure 3: Particles in such that B^^{u) = 1. 



Therefore, we have for n greater than some A^i and x G [0, (3/2) ln(n)], 

J2 ^(^k > -X, Sk<Si,yO<£<k-l)<e. 



Going back to (4.11) with A = Aq, and summing over k > n^^'^, we obtain that for n > Ni 



and z G [Ao, (3/2)ln(n) - Aq] 



E 



/ . ^ ^{\u\>n 



1/2} 



< £. 



In view of (4.13) and (4.12), this yields that for any n > max{NQ, Ni) and any z G 
[Ao,(3/2) ln(n)-Ao], 



e^E 



-B.^('u)iii„i<„i/2} 



CiRiz - Ao) 



<e{R{z-Ao) + C,). 



Since R{x) > 1 for any a; > 0, this completes the proof of (i). Let us prove (ii). The notation 



c denotes a constant whose value can change from line to line. Using (4.9) with A = 0, we 
find that 



(4.15) 



E 



Bn{u)l{n/2>\u 



|>ni/2} 



Ln/2J 
fc=[ni/2J+l 



5^<i.gll(o,^ + v(^)) 
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Equation (4.7) yields that 
(4.16) E 



{n/2>|«|>nl/2} 



ueS^ 



[n/2\ 



3/2 



E 



A;=[nl/2J+l 



E 



-V(u) 



Equations (4.11) and (4.14) imply that 



E 



|>nl/2} 



Ln/2J 



n 



fc=[ni/2J+l 



n — /i: + 1 



3/2 



(1 + A:) 



-3/2 



(4.17) 



< ce 



for any n > 1 and any 2; G [0, (3/2)ln(n)]. We deal now with vertices u E such that 
|m| > n/2, and split the case depending on whether V{u) is greater or smaller than —z + 
I In ^ ^_|"|^^ j . Using the fact that B^{u) < 1, we get 



(4.18)E 



< E 



{|M|>n/2} 



+ E 



E l{|«|>n/2,y(«)<-^+f ln(;^3^)} 



E ^n(")l{H>n/2,y(«)>-2+|ln(^^^^)} 

We bound the first term of the right-hand side. Equation (|4.7|) shows that 

E ^n(")l{H>n./2,yH>-^+f ln(^^^^)} 

3/2 



E 



E 



fc=[n/2j+l 



)>--+§ ln(;^)} 



From (2.1), we observe that, 



E 



P{Sk>-z+-ln 



n 



n — k + 1 



, Sk< Si,yO<i <k-l 



which is if -2: + I In > 0. Using (4.14), we see that 



E 



< ce 



E ^nW{\u\>n/2,V{u)>-z+l\n{^^^^)} 

3/2 



E 



A;=[n/2J + 1 



^ V' (l + A;)-3/2max(2--ln( ? 
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Since z < ^ ln(n), we get that max (z — | In ( ^_^^]^ ) , l) < 1+| In (ra — A; + 1). Consequently, 



E 



< ce 



|>n/2,VH>-.+ fln(^^3^)} 



E 



fc=[n/2j+l 



n — A; + 1 



3/2 



(l + ln(n-fc + l))2 <ce" 



Finally, let us consider the last term of (4.18). Equation (2.1) implies that, for any k 



E 



|>n/2,y(n)<-.+ |ln(^^^)} 



(4.19) 

We notice that 



= E 
< E 



{Ske[-z,-z+'l ln(^^3|:j-j-)), Sk<Se,VO<e<k^l}_ 



{5fe<-2+|ln(^^^),Sfe<Sf,V0<£<fc-l} 



E e^n, 



^{5fe<-z+f ln(^^3^),5fe<5f,V0<^<fc-l} 

< ^e-^+ip(S, >-!/, 5fc<S,, V0<£<A;-1)1 



which, in view of (4.14) leads to 



E e^"!, 



-{Sk<-z+^ln(:^^^ir^),Sk<Se,yO<£<k-l}_ 

< a',5^e-^+i(l + y)2(l + fc)-^/% 

< ce-^ I ? ^ max(z--\n( ? ^ , 1 V (1 + ky'^' 

n-k + lj V 2 \n-k + l ' ' ' ^ ^ ^ 



< ce 



n — A; + 1 



3/2 



1 + - In (n - A; + 1) 



for k E [n/2,n] and z < ^ ln(?T,). Going back to (4.19), it yields that 



E 



l{|«|>n/2,y(«)<-^+f ln(;^3^)} 



fc=[n/2j+l 



n — A; + 1 



3/2 



1 + - In (n - A; + 1) 



< ce 
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Finally, by (4.18), E [^^^^^ i?^(M)l{|„|>„/2}] < ce ^ which, combined with (4.17), proves 
(ii). We prove now (iii). We have by the Markov property at time k, 



E 



B'Ju) 



E 



where is defined in (4.5). By (4.7), this implies that 



(4.20) E 



E 



{|«|<n/2} 



< C26e-"E 



E 



{\u\<n/2} 



At this stage, we make use of the measure P, introduced in Section 2.1 We recall that under 
P, we identified our branching random with B. By definition of P then Proposition 2.2 (i), 
we have for any k < 



E 



E 



-V{u) 



ues^-^n{T^-^Y 



E 



1 



(4.21) 



V(u) 



The right-hand side is equal to when k = since Wq E by definition. For > 1, we 

observe that l{^j.g(7-z-A)c} < Y1'e=i -'-{5(«)(,)>e<^''^<'-i'+^"'*'''^}- follows that 

k 

i=i 



Together with equations (4.20) and (4.21), this gives that 



E 



E K{u)'i-{\u\<n/2} 



Ln/2J ln/2\ 

^=1 fc=^ 



In order to prove (iii), it is enough to show that 

(4.22) E E P K ^ ^^'^^ ^(^^) ^ e(^("'^-i)+^-^)/2) = o{z) 



e>i k>e 



uniformly in A > as 2; — > 00. The left-hand side of (4.22) is if z < A. Therefore, we will 



assume that z > A. For k > i, notice that if Wk G , then necessarily mmj<iV{wj) > 
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A — z, V{wk) > A — z and V{wk) < mm£<j<k-i Vi^j) (in particular, /c is a ladder epoch for 
the random walk started at V{wi)). This implies that 



{V{we^^)+z-A)/2 



) 



P {wk e S'-^, ^{wi) > e 
Summing over k > i, we get 



, min V"(wj) >A — z, A — z< V{wk) < min V{wj] 
j<£ ^<i<fc— 1 



< E 



By the Markov property at time i, we recognize in the term Y.k>e l{A-z<y(«;fe)<min^<,<fc_i 

the number of strict descending ladder heights above level A — z when starting from V{w£). 

Consequently, 



iV(we_j)+z-A)/2 



) 



k>i 



< E 1 



^^{^(^y,^)>e(Vi^t-i)+--A)/2yl{ramj<iViwj)>A-z}R{z - A + V (we)) 



We know from (2.13) that there exists C27 > such that R{x) < 027(1 + x)+ for any real x. 
Thus, R{z- A + V{we)) < 027(1 + z- A + 1/(w£_i))+ + C27(^(w^) - V{wi-i))+. Also, we 
obviously have mmj<iV{wj) < minj<^_i V{wj). This yields that 

5]P K G 5^-^, ^we) > e(^(--^)+-^)/2) < c,r{f{i)+g{i)) 



k>e 



where 



m 



E 
E 



{C(^,)>eC^("''?-l'+^-^'/2-^l{min,<f_i VK)>A-4(1 + Z- A + V{Wi^i)) 
{C(«;,)>e(^("'^-l'+"-'^'/2}l{mm,<^_i VK)>A-4(V'(W^) - V{Wi - 1)) + 



Equation (4.22) boils down to 
(4.23) 



J2{f{i)+g{i)) = o{z). 



i>i 
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Let A) be a generic random variable independent of all the random variables used so far, 
and distributed as {^{wi),V{wi)) (under P). Using the Markov property at time £ — 1 in 
/(£), we get 

l|^>e(^(™«-i)+^-'*)/2}l{minj<f_i y(»«j)>A-^}(l + Z — A + V{Wi^i)) 

Summing over i (and replacing i — 1 hj i) yields that 



l{y(«)f)+2-A<21n(0}l{minj<< y(wj)>A-z}(l + Z — A + V{Wi)) 



.e>o 



By Lemma B.2 (i), there exists C28 > such that for any x > 



E 



'^{V(we)+z-A<x}'i-{mmj<eV{wj)>A-z}{^ + Z — A + V{wi)) 



l>0 



< (1 + x) ^ P ( V{we) + z- A<x, min V{wj) >A-z 



£>0 
\2/ 



< C28(l+a;)^(l + min(x,2;-A)) 

< C28(l + a;)^(l + min(x,2;)). 



We deduce that, with the notation of (1.2), 

$^/(^) < C28E[(l + 21n+e)'(l + min(21n+e,^))] 



< C28E[X(1 + 2 ln+(X + X)f{l + min(2 ln+(X + X), z))] 
(4.24) = o{z) 



under (L4) by Lemma B.l (ii). We now consider g{tj. We have similarly 



i>i 



^+ ^ l{y(u)£)+^-A<21n(0}l{minj<£y(M)j)>A-2} 
£>0 



From Lemma [B.2 1 (i), we get 



(4.25) 



Y,9{^) ^ C28E[A+(l + 21n+0(l + niin(21n+e,^))] 
e.>i 

< C28E[X(1 + 21n+(X + X))(l + min(21n+(X + X),z))] 

= o{z) 



37 



MINIMUM OF A BRANCHING RANDOM WALK 



by Lemma B.l (ii). Equations (4.24) and (4.25) imply (4.23), and so complete the proof of 
(ii). □ 



Remark. Equations (4.9), (4.7) and (4.12) imply that for any n >1 and z >0 



(4.26) 



E 



We compute the second moment in the following lemma. 

Lemma 4.3 There exists a constant C29 > such that for any z > A > 0, and any integer 
n>l, 



(4.27) 



E [U^] -E[U]< C29e-'e 



where U := '^^^^^.a^.t^-a B^{u)li\u\<n/2}- 



Proof. Let U be as in the lemma. We observe that 

- U = ^5^(M)5^(t;)l|„^^g5z-A|l|„^^g7-z-A}l{|„|j^|<„/2}. 

It follows that 



E[f/2-f/] = E 



^B^{u)B^{v)l{u,veS-A}'^{u,ver--A}l{\u\,\v\<n/2} 



< 2E 



n7^t),|u|>|i'| 



For \u\ > \v\, and u v, notice that B^{u) depends on the branching random walk rooted 
at u, whereas i?^(t>)l|„ ^^g^z-AjljugT-z-A} is independent of it (even if f is a (strict) ancestor 
of u). Therefore, by the branching property. 



E[U^ -U]<2E 



U5^ri,|u|>|w| 
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where is defined in (O. By Kt^, we have ^l^l^i^ + V{u)) < caee-^-^^^^ for \u\ < n/2. 
This gives that 



E[U^-U] < C2ee-'E 



e ^^"^i?^(f )l{„_^g5z-A}l|„g7-.-A}l{|„|<„/2} 

u^i),|u|>|i'| 



(4.28) 



ln/2\ 

fc=i 



t)^M,|?j|<A: 



4 



The weight e ^^''^ hints at a change of measure from P to P. For any k G [0, r;,/2], we have 
by Proposition 2.2 (i), 



E 



E 



{t;G5^-'4} 



(4.29) 

We have to spht the cases depending on the location of the vertex v with respect to w^- We 
say that u v if neither v nor u is an ancestor of the other. If f 7^ and l^;! < k, then 



either v u, or v = we for some i < k. In view of (4.28) and (4.29), the lemma will be 
proved once the following two estimates are shown: 



(4.30) 



< cgie" 



L"/2J 

EE 

fe=i 

[n/2i k-l 

(4.31) EE^[^«(^^)'^^^'^'"'''^'^^'^'"^^'^'"^] ^ ^326-^- 
fc=l £=0 

Proof of equation ( 4-3(^ . 

Decomposing the sum J^v^wk ^lo^S ^^e spine, we see that for any k G [l,n/2], 

k 

(4.32) E = E E Y.^nW{.^s^-Ay 

i=i xGn{wi) v>x 



The branching random walk rooted at x G ^{wi) has the same law under P and P. Recall 



the definition of Q^o in (2.5). We have for £ < n/2 and x G Vt{w()^ 



E 



6^0 



v>x 



E 



E<^'|4|n(0,^ + n^))l{, 



<3o 
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with the notation of (4.5), and (4.7) imphes that 



(4.33) E 



v>x 



< C26e-"E 



v>x 



We observe now that if v > x and v E then min|2;|<j<|^,|_i V{vj) > V{v) > A — 

Therefore, by the Markov property. 



E 



v>x 



< E 



V{x) 



{minj<|„|_i V{vj)>V{v)>A-z} 



By (2.1) and the definition of the renewal function R{x) in (2.11), we observe that 



E 



V(x) 



{minj.<|„|_l V{v,)>V(v)>A-z} 



e-^^'^^Riz-A + Vix)). 



Going back to (4.33), we get that for any £ < n/2 and x G Q,{wi), 



E 



v>x 



Go 



< C2ee-'e-^^'^^R{z -A + V{x)). 



In view of (4.32), we obtain that 
(4.34) 



[n/2\ 

EE 

k=l 



J2 B:,{v)i{,^s^-Ay,wk e S'-"" nT' 



k 

k>i e=i 



e-^(^)i?(z -A + Vix)), Wk e S'-^ n T 

x&Q{w£) 



-A 



We look at R{z - A + V{x)) for x G fi(w^). If V{x) < V{we.i) and z - A + V{we^i) > 
we have 

R{z-A + V{x)) <R{z-A + V{we_i)) < 027(1 + z-A + V{we^i)). 

If V{x) > V{we-i) and z — A + V{wi-i) > 0, we write that 

R{z-A + V{x)) < C27{l + z-A + V{x)) 

< C27(l + Z-A + V{we.i)){l + V{x) - V{we - 1)). 
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Therefore, for any i < k, we have on the event that Wk ^ S 



z-A 



J2 e-^^^'^Riz-A + Vix)) 
< C27{l + z-A + V{w,^,)) J2 a + {V{x)-V{w,^,))+)e-''^-^ 
= C27(l + Z-A + y(w,_i))e-^("'^-)e(u;,) 



by definition (4.2). On the event that Wk ^ fl , we conclude that 



e-^(")i?(z -A + V{x)) < C27e^'-^^'^{1 + Z-A + V{wi.i))e-^^'"'-^^'\ 



Therefore, we have by (|4.34|), 
(4.35) 



\n/2\ 

EE 

k=l 



< C26C2re-(^+^)/2 ^ ^ E [(1 + _ A + V{w,.^))e- 



V(we_i)/2 



k>i e=i 



Proposition 2.2 (ii) says that 



E[{z-A + V{wf,^i) + l)e 



-V{we_i)/2 



E 



-Se-i/2i 



e "'-^'-(1 + z — A + Se^i), min Sj > Sk > A — z 

j<k-l 



We observe that 



fc>i e=i 



+ 2 - A + Se^i), min Sj> Sk>A-z 

j<k-l 



EE 



£>1 



g-S,_,/2(^ + ^ - A + Se-l) l{min,<,_, S,>S,>A-z} 

k>i 



Since 



l{min,<fc_i 5,>5fc>A-z} ^ l{minj<^_i Sj>A-2} 7 ^ -'-{min,g[^,i,fc„ii S,>Sfc>A-z}; 



fc>f 



Eii 
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we deduce by the Markov property at time £ — 1 that 



k>i e=i 



-Si-i/2 



{1 + z — A + Si-i), min Sj > Sk > A — z 



j<k-i 



< 



e-^^-i/'(l + Z-A + Se_i)R{Sg_i + z-A), min Sj>A-z 



g-5,_i/2^^ + ^ - A + Si^if, mill Sj>A-z 



Using this bound in (|4.35|) yields that 
(4.36) 



[n/2\ 

EE 

k=l 



z-A 



■5,_i/2^^ + ;2 - A + Sf,^if, min Sj>A-z 



i>l 



By Lemma B.2 (iii), we have 



EE 



-Se-i/2 



(1 + z- A + Se-if, min S-j > A-z 



< esse 



{z-A)/2 



Consequently, by (4.36) 



ln/2\ 

EE 



k=l 



< C34e^ 



-(^+A)/2^(^-A)/2 



C34e 



Equation (4.30) follows. 



Proof of equation (4-31) 
We have 



[n/2i k-1 

k=i e=o 

Ln/2J-1 ln/2\ 
£=0 A;=£+l 



(4.37) 



K2J-1 

E E 

£=0 



Ln/2J 
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Let ti be the first time t after i such that V{wt) < V{wi). U k > i and Wk E S^~^, then 
V{wf:) < V{wi), which means that necessarily k > t^. Moreover, if /c > and Wk G T^~^, 
then Wtf^ G T^^"^. Thus, for any £ > 0, 

ln/2\ ln/2\ 



{wtieT'''^,te<n/2} ^ l{mint^<^<ft V(wj)>y(»i;fc)>A-^}- 
k>ti 

We observe that B^{we) is a function of the branching random walk killed below V{we) and 
therefore is independent of the subtree rooted at Wt^. As a result, applying the branching 
property, we get that for any £ G [0,72/2], 



E 



< E 



[n/2\ 



k=e+i 



Bn{wt)l{wi(iS--^}'^{wt^err-'^-'^,h<n/2} XI 1{ 



{mint <j<fe V(wj)>V{wk)>A-z} 



k>t, 



E 



yR{z-A + V{WtJ) 



By equation ( 4.37[ ), we deduce that 

Ln/2J k-1 

k=l 1=0 
Ln/2J-1 ^ 

< XI ^ B'^{we)l{^^^s--A}l{^^^^r--A^t^<„/2}R{z - A + V{wt,)) 
e=o 

We have ^(ti'tj < V{wi). Since i? is a non-decreasing function, we obtain that 

[n/2i k-1 

X E ^ [B:.{wi), we e S^~^, wu e S^~^ n r-^] 

k=l 1=0 
\n/2\-l ^ 

< X ^ B^^{Wi)l{^^^s--A^^l{^^^^r'-^M<n/2}R{z - A + V{wi)) 

e=o 



(4.38) 



Recall from (2.4) that is the cx-algebra generated by the spine and its siblings up to time 
i. The Markov property at time i shows that 



E 



5^ («;,), w;^, er^-^, te<n/2\g, 
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where, if Tq := min{j > : V{wj) < 0}, then for any integers n > 1, i < n/2, any A,r > 0, 
we defined 

<^>Sa(^) ■■= P (^o" < H2) - i, M^^, < a„(r), ^K) < e('■+^(--^)-^)/^ VI < j < r,) . 
We deduce that, for any n > 1, any i < n/2, any z > A> 0, 

E B^{wi)l{y,^^s--Ayl{^^^^r--A^t^^^/2}R{z - A + V{wi)) 
< E [l^^^^s^-AyRiz -A + V{we))^^l^iz + V{we)) 

= E l{mm,<, V{w,)>V{w,)>A-z}R{z -A + V {wi))^^^^^{z + V{we)) 

By Proposition 2.2| (ii), this imphes that 

(4.39) E B^{we)l{u„es^-A}l{^,^er^-A^t^<^/2yR{z -A + V{we)) 

< E [l{min,,,s,>s,>A-z}R{z -A + Se)^'^Jz + 5, 

Let us estimate for i < n/2. We have to decompose along the spine. Notice that 

if M^^^^ < a„(r), and Tq < [n/2\ — i then there must be some j < Tq" < [n/2\ — i and 
X G Q{wj) such that there exists a hne of descent from x which stays above and ends below 
a„(r) at time n — i. Therefore, for any n > 1, i < n/2, and A,r > 0, 



ln/2\-e 



, 3 <^o 



with the notation of (4.5). By (4.7), we get that 
(4.40) m^r) 



ln/2\-e 



5^ (1 + r(x)+)e-^(^), e(^i) < e^^'+^^'^-i^--^^/^ 



We observe that 



E (1 + I/(x)+)e-^(^) 
< (1 + \/(ty,_i)+)e-^('"^-i) E + ^^^^) " F(ti;,-i))+)e-(^(")-^("^-i)) 
= (1 + F(ti;,-i)+)e-^(--^)e(«^,) 
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by definition (4.2). We deduce from (4.40) that 



ln/2\-e 

It follows that, for any n > 1, i < n/2, and A,r > 0, 



^,A{r) < C35e-V('^-^)/^5:E[e---^/^(l + 5,_0,J<ro1 
= C36e-^e-(^-^)/^ 



by Lemma B.2 (ii). Going back to (4.39), we obtain that for any n>l,i<n/2, z>A>0, 



E 



< C36e-^E[1 



{mirij^f Sj>Si>A—z 



}R{z -A + Si)e 



'{Se+z-A)/2 



Equation (4.38) yields that for any n > 1, and z > A > 0, 



[n/2} k-1 

k=i e=o 



z-A 



< Caee-^E 



El 

.e>o 



Applying Lemma B.2 (iii) implies (4.31) and thus completes the proof of the lemma. □ 



4.2 Proof of Proposition 4.1 



We can now prove Proposition 4.1 



Proof of Proposition 4-1 Let e > 0. For any r > 0, we observe that by (2.1) 



P(3u e T : V{u) < -r) < ^E ^ l{v(u)<-r,v(uk)>-r,y k<n} 

n>0 \u\=n 

= ^ E [e^",Sn < -r, Sk > -r'ik < n] 



n>0 

< e-^ 
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Therefore 

P{3ueT : V{u) <A-z)< e^''. 
For any z > A > 0, we observe that on the event {Vn G T, V{u) > A — z}, we have 



M„ < I In n — z if and only if X^ue^^--* ^ni'^) — 1 (recall the definition of and in (4.1 ) 



and in (4.4)). Therefore, for n > 1 and z > A, we have 



(u)>l \ <e' 



0<p(Mr.<l\nn-z^ - p( 
We notice that P 5n(«) > l) < E [Eues^-^ ^n(«)] • Hence, 



P { Mn < - Inn - z ] < e^-' + E 



Lemma 4.2 (i) and (ii) implies that for n > Ni and z G [Ai, (3/2) ln(?7,) — Ai] 

+ €. 



— — P { Mn< - \nn- z] -Ci< , 



e^i + c 



Since R{x) ~ CqX at infinity by (2.13), we have for n > Ni and z G [A2, (3/2) In(ri) 

+ 26. 



e^i + c 



/ 3 \ 

— P {Mn<-\nn-z] -Ci< 

CqZ \ 2 / CqZ 



We deduce that for n > Ni and 2; G [A3, (3/2) In(ra) - Ai], 

— P ( M„ < - Inn - z I - < 3£. 
coz V 2 J 

This proves the upper bound. Similarly, we have for the lower bound 
p(^Mn<^\nn-z^ > p(^J2 Bniu)>l 

> pI Y1 5:(w)1|h<„/2}>i). 



If we write U{A) := J^ues^-'^nT^-'^ -^n(^)l{|« <n/2}, then by the Paley-Zygmund formula, we 
have P{U{A) > 1) > EmAf] ■ Lemma 



4.2 



R(^)nU{A,)] >C,-e 
for n > N2 and z G [A5, (3/2) ln(n) - A^]. By Lemma |4.3[ we have that £[[7(^4)^] < 



we know that 
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(1 + e)E[U{A^)] if A5 is taken large enough. Hence, 7j(^P(f/(^4) > 1) > it(£Al)^^ + 
e)-^E[U{A^)] > (1 + e)-\Ci - e). This yields that 

^^^p(m.<^i„„-.)>(i+.)-(c.-.). 

From here, we proceed as before to see that for n > N2 and z G [Aq, (3/2) ln(n) — A4], 

— P ( M„ <l\nn-z] >Ci- c^je. 
The proposition follows. □ 



5 Proof of Theorem 11.1 



For /3 > 0, we look at the branching random walk killed below — /3. The population at time 
n of this process is = n : V{uk) > VA; < n}. We define the associated martingale 
(see Appendix |A|) 



(5.1) 



\u\=n 



Since Di^^ is non-negative, it has a limit almost surely that we denote by -Doo • Under 



and (1.4), we know by Proposition 



A.3 



that > almost surely on the event of non- 
extinction for the branching random walk killed below —f3. For A > 0, let 2[A] denote the 
set of particles absorbed at level A, i.e. 

Z[A] := {ueT : V{u) > A, V{uk) < AM k < \u\}. 



In the words of Section 6 in ^7j, this set is a very simple optional line. By Theorem 6.1 (and 
Lemma 6.1) of we know that J2uez[A] -^(/^ + ^i'^))^~^^^^'^{v{uk)>~p} converges to D, 



oo 



almost surely as A ^ oo. Recall that R{x) ~ cqx at infinity by (2.13). Recall from (2.2) 
that the martingale Wn is defined by 

\x\=n 



and we know from [22] that Wn converges to almost surely as n — )■ oo under (1.1). On 
the event {mmu(zjV{u) > — /?}, we see that necessarily = cq-Doo almost surely, and 
Eu^ziA] R{P + ^(«))e-^(")l{VK)>-/3} ~ Co E„e2[A](/3 + V^(n))e-^W as A ^ oo. Again by 
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Theorem 6.1 (and Lemma 6.1) of 0, we have \imA^ooJ2u&ziA]^ ^''"^ ~ = almost 
surely. We deduce that 



(5.2) lim V y(M)e-^(") = 

ueziA] 

on the event {min„gTT^(M) > — /3}, and therefore almost surely by making — > oo. We can 
now prove the convergence in law. 



Proof of Theorem \l . 1\ Fix x G M and let e > 0. For any A > 0, we have for n large enough, 

P(3n G Z[A] : \u\ > n^^^) < e, 
(5.3) P(3m G : V(m) > (3/2)lnn- A) < e. 

Again, we could replace 'n}/'^ by any o{n). Take A > 0. Let := {niax„g2[A] \u\ < 
n"!"^ , maxug2[^] V{u) < Inn}. We observe that 

P(M„ > (3/2)lnn + x) > P(M„ > (3/2) Inn + x, 3^a) 



E 



H (1-<I>|„|,„(1^(m)-x)), 

u&Z[A] 



where for any integers n > 1, A; G [0, n] and any real r > 0, 

$fc,„(r) := P{Mn-k < (3/2) ln(n) - r). 



By Proposition 4.1 , there exists A large enough and > 1 such that for any n > N, k < n^/^ 
and z e[A- X, (3/2) ln(n) - A- x], 



(5.4) 

We get that 



< e. 



P(M„ > (3/2)lnn + a;) > E 
Since P(3^^) < 2e for n large enough, we have for n large enough 



n (l-(CiCo + 5)(nn)-x)e^-^(")), 

u&Z[A] 



P(M„ > (3/2) Inn + x) > E 



n il-{C^Co + e){Vi 

u&Z[A] 



u] — X e' 



x-V{u)\ 



2e. 
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In particular, 



liminf P(M„ > (3/2) \nn + x)>E 



n (l-(CiCo + 5)(F(n)-x)e^-^("); 



~2e. 



We let A go to infinity. We have almost surely by (5.2) and the fact that J2uez\A]^ 



vanishes 



(5.5) lim y \n{l-{CiCo + e){V{ 



u] — X e 



x-'V{u)\ 



By dominated convergence, we deduce that 



liminf P(M„ > (3/2) Inn + x) > E [exp(-(CiCo + e)e''D^)] - 2e, 

n— >oo 

which gives the lower bound by letting e — > 0. The upper bounds works similarly. Let A be 



such that (5.4) is satisfied ioi n > N , k < v}^'^ and z G [A — x, (3/2) \w{n) — A — x\. We 
observe that, for n large enough. 



P(M„ > (3/2)lnn + x) < P(M„ > (3/2)lnn + a;,3^A) + 2e 



E 



n (l-$H,n(V^(«)-a;)),3^, 

u<^Z[A\ 



+ 2e 



Using (5.4), we end up with 



limsupP(M„ > (3/2) Inn + x) < E 
From here, we proceed as for the lower bound. 



n (l-(CiCo-5)(V(n)-x)e^-^("); 

ui^Z[A] 



+ 2e. 



□ 



A The derivative martingale 



We work under (1.1), (1.3) and (1.4) but we drop the assumption that C is non-lattice. We 



recall from (2.11) that the renewal function R[x) is defined by 



Rix) = > P(5'fc > —X, Sk < min Sj). 

0<j<k-l 



k>0 
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The duality lemma says that R{x) is also the expected number of visits of the random walk 
{Sn)n>o to the interval (— x,0] before hitting [0, oo) (after time 1). For any /3 > 0, we 
introduce for n > 

\u\=n 

The following lemma is Lemma 10.2 in [7]. The analog in the case of the Brownian motion 
is Theorem 9 in [201. 



Lemma A.l ([7J) For any P > 0, the process {Dr!^\ n > 0) is a non-negative martingale 
with respect to (^ri,n > 0). 

Proof. We recall that under P^, the branching random walk {V{v), v & T) and the one- 
dimensional random walk {Sk, k > 0) start at a. By the Markov property, we have 



E 



n^'^> I 

J^n+l I -^n 



l{VK)>-/3,Vfc<n}Ey(„) 

\u\=n 



J]i?(V(.;)+/3)e-^(^)l{v(.)>-« 



By (2.1), we see that for any u eT with \u\ = n, 



E 



Viu) 



^/?(r(t;) + /3)e-^(^)l|v(.)>-/3} 

\v\=l 



-V{u) 



which is R{V{u) + /3)e-^(") by Lemma 1 of [21]. Therefore, 



E 



D%\^n\ = Yl l{yK)>-/3,v.<n}i?(^(«) + /3)e-^(") 

|ji|=n 



which completes the proof. 



□ 



Since {Di^\ n > 0) is a non-negative martingale, we can define for any a > a probability 
measure Pi'^^ on such that for any n > 1, 

rfPi^) 



(A.l) 



dPa 



and we write as usual P*^^-* for \ and eI'^'' (resp. E*^''^) for the expectation associated with 
pI'^^ (resp. P*^^)). Let B^a"^ be the branching random walk with a spine defined as follows: 
The spine w\^'^ starts at V{w\^'') = a. At time 1 it gives birth to a point process distributed 
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as {V{x), \x\ = 1) under Pi'^''. Then the spine elementw^^'' at time 1 is chosen proportionally 
to R{V{u) + /3)e~^*^"^l{y(u)>_/3} among the children u of Wq^\ At each time n, the spine 
element wli^ produces an independent point process distributed as {V{x), \x\ = 1) under 
P*-'^^ (g^ , while the other particles Inl = n generate independent point processes distributed 

as {V{x), \x\ = 1) under Pv{u)- The spine tf^+i at time n + 1 is chosen proportionally to 
the weight R{V{u) + /3)e~^*-"^l{y(„j.)>_/3,vfc<n} among the children of wij^\ We write ^li^^ 
for the cr-algebra obtained from by including the information on the spine up to time n. 
We write Bi^^ for the (non-marked) branching random walk obtained from Bi^^ by ignoring 
the location of the spine, and note that B^^^ is measurable with respect to ^oo- 

Lemma A. 2 ([7\) The branching random walk under P^a^ is distributed as Bi^\ 

Proof. We give a sketch of the proof. Let n > 1 and T„ be a deterministic tree of height 
less than n. We denote by T|„ the (random) tree T truncated at level n. Let P^as) be a 
probability measure associated with Bi^\ We want to prove that the projection of P^(/3) on 
the space of non- marked branching random walks is Pi'^'*. Given deterministic infinitesimal 
intervals {dzu, u G T„), we compute that 

Pe(«(T|„ = T„, V{u) edzu'iue T„) 

J2 Pgi^C^I" = Tn, V{U) edZu^Ue Tn, 10^^^ = u) . 
u£Tn,\u\=n 

For any u with 1^1 = n, we check that, by construction of our process 
P^(,)(T|„ = T„, V{u) G dzu'^u G r„, wi^^ = u) 

^ T/^ ^ ^ ^ W ^ ^ + /3)e-^^"^-)l{min,<„ y(.,)>-/3} 

= Pa(T|„ = Tn,V{u} G dzu\fu G Tn) R{a + (3)e-'' 

where uj denotes the ancestor of u in T„ at generation j. Therefore, 



P^(«(T|„ = T„,y(?z) Grf2;„VuGT„) = E„ 



l{T|„=T„,y(n)edz„V«GT„}— 

^0 



which is Pi^''(T|„ = T„, V{u) G dzu^u G T„) by definition. □ 

From now on, we will identify our branching random walk under Pi'^'' with Bi^\ Notice that 
the proof shows that, for any vertex m G T such that \u\ = n, 

i?(\/(n) + /3)e-^(")l|^in^.<„vK)>-/3} 



51 



MINIMUM OF A BRANCHING RANDOM WALK 



For F a measurable function from ]R"+^ to IR+, we notice that 
E(/3) 



\u\=n 



i?(\/H + /3)e-^(")l|^in^,,„y(„^,)>.^} 







|'!i|=n 



Therefore, (2.1) yields that 
(A.2) 



E„ 



i?(a + /3) " 



F(^o, . . . , Sn)R{Sn + min 5^ > -/3 



k<n 



Under Pj'^^ the spine process n > 0) is distributed as the random walk (S'„)„>o 

conditioned to stay above — /3, in the sense of |i24| or |[5|. It is the Markov chain with 
transition probabilities, for any x > — /3, 

where p{x, dy) = Px{Si G dy). The fact that this defines a transition probability comes from 
the equality Ex[R{Si)l{Si>o}] = R{x) for any x > by Lemma 1 in [21]. This Markov chain 
then never hits the region {—oo, —/3), hence its name. 

Since {Di^\ n > 0) is a (non-negative) martingale, it has a limit that we denote by 
The question of the convergence in was adressed in [7], where the authors give almost 
optimal conditions for the convergence to hold. However, we deal with slightly weaker 
conditions, so we have to prove the convergence in our case. 



Proposition A. 3 Assume (1.1), (1.3) and (1.4)- Then, 

(i) for any /3 > 0, D^n'' converges in to 

(ii) We have > almost surely on the event of non- extinction of the branching random 
walk killed below — /3. 

(Hi) We have Doo > almost surely on the event of non- extinction ofT. 

Proof We adapt the proof of [7j (see [22] for the case of the additive martingale). We 
observe that if sup„_j.oo 

dI^^ < oo, p(^)-a.s, then the family {oi^^) n>o under P is uniformly 
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integrable, hence converges in L . Let 

G^I^ ■= cr{wf\ V{wf\ n{wf), J>1} 

be the cr-algebra of the spine and its brothers. Using the martingale property of vif^ for the 
subtrees rooted at brothers of the spine, we have 

n 

It is well-known (see for example the construction available in |23j for the random walk 
conditioned to stay positive) that V{w^^) — > oo P*^^^-almost surely, therefore R{V{wn '') + 
P'^Q-viwlf '') gQgg 2;ero as n — > oo. Furthermore, we see that is under P'^'^) a positive 

supermartingale, and therefore converges as n — t- oo. We still denote by the (possibly 
infinite) limit of D^^ under P*^^\ We already know that there exists C27 > such that 
R{x) < 027(1 + a;)+ < 027(1 + x+) for any x G M. Then, by Fatou's lemma 

E(^)[^(^«|^(^«] < liniinfEe^)!^^ 

n— >oo 

(A.3) < ^27^^ Yl il + i(3 + Vix)U)e-''^^l 

To prove (i), it remains to show that the right-hand side of the last inequality is finite 
P'^'^^-almost surely (which implies that is finite P'^'^^-a.s). We observe that 

(A.4) Yl Yl i^ + W + Vix))+)e-''^^^ <A, + A2 

with 

(A.5) A, := ^(l + /3 + V(^f_\))e-^(--^) ^ ^-iv(^)-viJJ'2j) ^ 

(A.6) A, := ^e-^(-i-) ^ (V^(a^) - V^rf-\))+e-(^(^)-^("'-i)). 

Let us consider Ai. We recall that X := J2\x\=i^~'^^^^ ^ ^ ■~ J2\x\=i'^(^)+^~'^^^^ 
introduce X' := X]|x|=i + V{x))e~^^^'>l{v{x)>-(3}- We observe that, for any a > —/3, 

X' < C27 Y ^"""^"^ ((1 + « + /3) + {V{x) - a)+) . 

|x|=l 
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Therefore, we have for any z G M and a > —/3, 



1 



\x\=l 



R{a + /3)e-" 



X'l 



{E|.|=ie-(^W-'')>4 



{E|^i=i e-(y(^)-^)>z} 



(A.7) 



C40E [X1{X>2}] + C40 — 
1 

C4o/il(2;) + C40 



+ a + /3 



XI 



{X>z} 



where hi and /12 are defined by the last equation. We deduce by the Markov property at 
time k — 1 that 



\ 



J2 e-(^(^)-^("'fe-i)) > e^^<-^^/^ 



< C40E 



/.i(e^(-i-i)/2) + 



1 



1 + V^rfA) + /3 



Hence, 
(A.8) 



k>l 



J 



< 



C4o5:e(« k(e^(-^'^)/^)l+C4o5:E 



^,(/3) 



£>0 



^>0 



1 



/,2(eV'(-r')/2) 



l + V^(^f))+/3 



We next estimate E£>oE^'^^ /ii(e^("'^''^)/2) 



By (A. 2), we have 



/,^(eV(-f')/2)' 



1 



1 



R{(3 + Se)hi{e''^'/^), mmSj > -(3 

3<t- 



R{/3 + Se)Xl{St<2inX}, min Sj > -/3 



where X and the random walk [Sn-, n > 0) are taken independent. Conditioning on X, then 
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using Lemma B.2 (i), we get that 



(A.9) 



< 



< 



1 



C41 

W) 



E 



XR{P + 2ln{X))Y,Ms,<2inX, 



minj<£ Sj>—I3} 



£>0 



E[X(l + ln+Xf)] 



which is finite by (1.4). Similarly, 

1 



1 + V{wf^) + (3 



/,2(e^(-r)/2) 



< C42E 



j<£ 



Lemma B.2 (i) implies that 
(A.IO) ^E(« 



£>0 



1 + V{wf^)+P 



/,,(eV(»f')/2) 



<C43E 



X(l+ln+X) 



< 00 



under (1.4) by Lemma B.l (i). Equations (A. 8) , (A.9) and (A.IO) give that 

f \ 

(A.ll) J]P(« 
By the Borel-Cantelli lemma, we obtain that 



Q-(V(x)-V(wi^2,)) > gV(4'!.\)/2 



< 00. 



for large enough almost surely. It is known that, for any a G (0, 1/2), we have ^) > k'' 

for k large enough. From (A. 5), we deduce that Ai < 00. We proceed similarly for A2, 
replacing in (A. 7) l{x>z} by '^sxyz}■ analogy, we find that < 00 if E[X(1 + In+X)^^ 



and E[X(1 + ln+ X)] are finite. This is the case by (1.4) and Lemma B.l (i). Equations 
(A. 3) and (A. 4) yield that D^"* < 00 P^'^^-a.s, which ends the proof of (i). We prove now 
(iii). We see that, for any x G T with |a;| = 1, 

Doo > e-''("^I^oo,x > 

where for any X G T, := E\u\=n,u>xiV{u)-V{x))e-^'''-^^-''^^^^ and D^^, := lim^^^o i^n.x- 
We used the fact that the martingale e"^*^"^-* converges to as n — 00. This implies 

that if Doc = 0, then -Doo.x = 0. Notice that -Doo,x is distributed as Doo- Therefore, writing 
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p := P(-Doo = 0), we have that p > imphes that p < E[p^i^i=i^]. Consequently, p = 1 or 
p < P (extinction of T). On the other hand, observe that p > P (extinction of T), since the 
sum in (1.5) is empty for large n when the tree T is finite. Finally, we get that P(-Doo = 0) is 
P(extinction of T) or 1. Now, notice that P(dS^ > 0) > by (i). Since R{x) < 027(1 + 
we see that D^^^ < C27-D00, and therefore P(-Doo > 0) > 0. Hence, we have Z^oo > P-a.s. 
on the event of non-extinction. We can now prove (ii). Let /3 > 0. On the event of non- 
extinction of the branching random walk killed below /3, we can find a vertex u (in the killed 
branching random walk) such that there is an infinite line of descent from u which stays 
above V{u). For such a vertex u, we have 



v'>u,\v\=n v'>u,\v\=n 



V(v) 



The sum ^„>„ -R(V^(f ) + converges to coe~^^"^Doo,M as n — t- 00 . We know 

from (iii) that Doo,« > 0, hence Z]^>n,|«|=n -^(/^ + ^(^))e"^^''''l{yK)>-/3,VA:<n} has a positive 
limit as n -> cx). Since o'i'' > 'E^y>u \v\=n ^((^ + ^(^))e~^^''''l{vK)>-/3,vfc<n}, we have that 



D^£^ > 0. 



□ 



B Auxiliary estimates 



Lemma B.l Let X and X be non-negative random variables such that (I.4) holds, 
(i) We have 



E 



X{}n+Xf 



< 00, 



E 



Xln+X 



< 00. 



(ii) As z ^ 00, 



E 



X(ln+(X + X)f min(ln+(X + X),z) 



E 



X ln+ (X + X) min(ln+ (X + X) , z) 



o{z), 
o{z). 



Proof. We first prove (i). We claim that for any x,x >0 
(B.l) a;(ln+ x)^ < 4x(ln+ x)^ + 2x ln+ X. 

We can assume that x > 1. If 5; < x"^, then x(ln+ x)^ < 4x(ln+ x)^. If x > x^, we check that 
x(ln+x)^ < 2xln_|_x since ln{y) < 2^ for any y > 1. This gives (B.l). It follows that 



E 



X(ln+ Xy < 4E [X(ln+ X)^] + 2E 



Xln4_X 
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which is finite under (1.4). Also, Xln+X < max(X ln+ X, X ln+ X), hence E[Xln+(X)] < 
oo. We turn to the proof of (ii). Let e > 0. We observe that 



E 
E 

+ E 



X(ln+(X + X))2 min(ln+(X + X),z 
X(ln+(X + X))2 min(ln+(X + X),z), ln+(X + X) > ez 
X(ln+(X + X)f min(ln+(X + X),z), ln+(X + X) < ez 



On one hand, 



E 

< zE 



X(ln+(X + X)Y min(ln+(X + X),z), ln+(X + X) > ez 
X(ln+(X + X))^ ln+(X + X) > ez 



since E 



zoJl] 



X(ln+(X + X))^ 



< oo. On the other hand, 



E 



X(ln+(X + X))^min(ln+(X + X),z), ln+(X + X) < ez 



< ezE 



X(ln+X + X)^ 



Thus, E 



X(ln+(X + X))2min(ln+(X + X),2) < (1 + E[X(ln+ X + X)2])ez for z large 

enough, and is therefore o{z). We show similarly that E X ln+(X + X) min(ln+(X + X), z) 
o(z). □ 



Let {S„)n>o be a one- dimensional random walk, with E[Si] = and E[(S'i)^] < oo. 
Lemma B.2 (i) There exists a constant C45 > such that for any z > and x >0 

Pz [ Si < X, min > j < 045(1 + x)(l + min(a;, z)). 
(a) Let a > 0. We have 



E 



£>0 



C46(a) < 00. 



(Hi) Let a > 0. There exists a constant 047(0) > such that for any z > 0, 



E. 



{minj<£ Sj>0} 



.e>o 



< C47(a). 
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Proof. Suppose that x < z. If denotes the first passage time below level x of {Sn)n>o, we 
have 



(Si < X, minSj > Oj 



< E 



El 

.£>0 



{Si<x, minj<f Sj'>_~x\ 



where we used the Markov property at time r^. . We have 



P ( S*^ < X, min S'j > — x j < 1 + + P ( S*^ < x, min Sj > —x j 



< 1 + X^ + C48 ^ (1 + 



X 



,3«-3/2 



(B.2) 



< C49(l + X) 



by (2.8). Suppose now that x > z. Then, 



< 



J^P^ (Si < X, minS'j > J 

J2 p. (mrnS, > o) + ^ P. (Se < x, mm5, > o) . 



From (2.7), we know that P^ (minj<£ 5"^- > 0) < C5o(l + 2)(1 + ^)"^/^ whereas, by 



V, (st < X, mmSj > 0^ < C5i(l + 2)(1 + x)2(l + 



We get 



J]P,(5,<x,mm5, >o') < C50 + C51 + + x)2(l + 

(B.3) < C52(l + ;2)(l + x). 



-3/2 



From (B.2) when x < z and (B.3) when x > z, we have for x, 2; > 0, 



P^ [ •S'^ < X, min > j < (C49 + C52)(l + x)(l + min(x, z)\ 
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This ends the proof of (i). We turn to the statement (ii). Without loss of generahty, we 
assume that a = 1 (in (ii) and in (iii)). We have 

[e-^n{^in,,,5,>o}] = $^$^e-P(^, G + 1), mm 5, > 0). 



l>0 



By ( |2.8| ), P(S'^ G + minj<£ Sj > 0) < 053(1 + «)(! + iy^^^, which completes the proof 
of (ii). Finally, we prove (iii). Let (T^, Hk, k > 0) he the strict descending ladder epochs and 
heights of (5'„)„>o, i.e. Tq := 0, Hq := 5*0 and for any k > 1, := min{j > T^-i : 5*^ < 
Hk^i}, Hk ■= St,,- By applying the Markov property at the times (T^, k > 0), we observe 
that 



E, 



E 

.e>o 



{minj<f Sj>0} 



^e-^'^l|H,>o} 



k>0 



where c^q is the constant of (ii). The fact that Z{z) := E^ \J2k>o^ ^''^{Hk>o}] is bounded 
in 2; > then comes from the renewal theorem: let U{dy) denote the renewal measure of 
{Hk, k > 0), i.e. U{dy) := Efc>oP(^fc ^ dy). Then Z{z) = /_%-(^+^)f/(dy). In Section 
XI. 1 of |l4j, combine Lemma p. 359 with the renewal Theorem p. 363 to conclude that Z is 
bounded. This completes the proof of (iii). □ 

For a>0, a>0, n>l and < i < n, we define 



(B.4) 



if < z < [n/2\, 
a+(n-z)", if[n/2\<i<n. 



Lemma B.3 Let a G (0, 1/6) and e > 0. 

(i) There exist d > and C53 > such that for any u > 0, a > and any integer n > 1, 
(B.5) P<30<i<?7.: Si < ki — d, min 5*,- > 0, min Sj > a, Sn ^ a + u\ 

I j<n ln/2\<j<n J 

(ra° + a)2 



< (l + u) 



n 



3/2 



+ C53- 



n 



2-a 



where k^ is given by (B.4)- 



Proof. We treat n/2 as an integer. Let E be the event in (B.5). We have P{E) < Yl^=i P(-^i 
where 

Ei := {Si < ki — d, min 5*^ > 0, min Sj > a, S'„ < a + u}. 

j<n n/2<j<n 
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We first treat the case i < n/2, so that ki = i'^. By the Markov property at time i > 1 and 

C54(l + uf 



(2.9), we have 



<i'»,minj<i Sj>0} 



which is smaller than 



723/2 

C55(i+") (^+' ) Iqj (|2.8|). It yields that, if K is greater than some 



„3/2 j3/2 



constant f^o (which does not depend on d), we have 
(B.6) 



n/2 



u 



n 



3/2- 



[Si=s := if X > y] We treat the case n/2 < i < n. We have by the Markov property at 
time i and (2.8), 



^ ^ - (n - 2 + 1)3/2 



(1 + 5*1 — Ct)l{5,<a+(n-i)a,minj<jS'j>0,min„/2<j<i'S'j>a} 



If i > 2n/3, we use (2.9) to see that P{Ei) < 057(1 + m)^^^^^^^^^^. Therefore, if > Ki, 
{Ki does not depend on d), 

(B.7) 



E p(^^)<(i + 

j=L2n/3j 

If n/2 < z < 2n/3, we simply write 

C56(l 



3/2 ■ 



P(^^) < 



{n-i + 1)3/2 



E [(1 + - O')l{a<S,<a+(n-j)°',minj<,5j>0}] 



[n — t] 



< C59(l + "i^3/2 P(" < < a + (n - 2)", minS-,- > 0) 

[n — t + Ij-^''' j<i 



2n°(a + n°)2 



< C6o(l + M 



by (2.8). We deduce that 



(B.8) 



y: p(i?.)<c6i(i+«)^^^ 



i=n/2 



n 



2-a 



Notice that our choice of K does not depend on the constant d. Thus, we are allowed to 



choose d > K'^, for which P{Ei) = if z G [1, /sT] U [n - K, n]. We obtain by (|R6|),(|R7|) and 

(ra 



J2PiE,)<a + uY{2^,+ce, 

i=l 

hence P{E) < (1 + n)2|2^ + c,^^^^} indeed. 



+ a) 



n 



2-a 



□ 
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C The good vertex 



Let z > and L > 0. Let dk = dk{n, z + L, 1/2) as defined in (3.4). Let also 



(n) 



if < A; < f, 



(n-A;)i/i2, if|<A;<n. 



We recall from definition 3.5 that u G Z^'^ if |m| = ra, V{uk) > dk for k < n and G In{z) 
We say that m such that |m| = n is a {z, L)-good vertex if m G Z^'^ and for any 1 < k < n, 



(c.i; 



^ e-(^('')-'''=)|l + {V{v) - 4) + } < Be-''. 



Note that a (2;, 0)— good vertex is a 2;-good vertex as introduced in Section 3.1, We defined 



the probability P in (2.3) and the spine {wn,n > 0) in Section 



2.1 



Lemma C.I Fix L > 0. For any e > 0, we can find B large enough in (C.I) such that 
P{wn is not a {z, L)—good vertex^ Wn G Z^'^) < en^'^^"^ for any n>l and z > 0. 

Proof. Fix L > and let e > 0. We have 

(C.2) P(wn is not a (z, L)— good vertex, w„ G Z^^) 

< p[3A;G[l,n]: ^ e-^''^''^-^^^ [l + {V{v) - dk) + ] > Be-''\ Wn e Z^^A . 

We want to show that we can find B large enough such that 
(C.3) 

p[3A;G[l,n] : ^ e-^''^^^"'''^[l + {V{v) - du) + ] > Be-'\ E Z^A < 



3/2 ■ 



Dsn(u!fe) 

We see that, for any 1 < k < n, 



J J2 e-(^('^)-'^^){l + (\/(t;)-4)+}>5e-^S V^(«^fc-i)>4 + 2e, 



C62 



C <j J2 e-^^^^^-'^^^jl + {V{v) - > Be 
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By Lemma B.3, there exists C62 = ce2{L) > and = N(L) such that for n > and z >0 
P {wn e Z^'^, 3 < J < 72 - 1 : V{wj) < dj+i + 2e,+i - cqs) < 



Consequently, it is enough to show that for B large enough, 
(C.4) 

k=i \v<^n{wu) j 
We see that 

^ e-(^('')-'^'=)(l + (l^(t;)-4)+) 

Dsn(ui(;) 

< e-(^(-'=-)-'^'^-)(l + (K(^fc_i)-4)+) 5^ e-(^(^)-^(-'=-»{l + (V^(i;)-l^K_i)) + }. 



< g-(V(M>fc-i)-a!fe) 



With the notation of (4.2), we have then 



Equation (C.4) boils down to showing that, for B large enough. 



e 2 



k=l 



1 + {V{wk-i) - 4) + 



, Wn e Z^'^ < en 



-3/2 



Actually, we are going to show that, for B large enough. 



(C.5) 



«>fc_i)-dfc)/3 



n e Z^'^) < en- 



■3/2 



fc=l 



First, we deal with the case k G [l,3n/4]. We notice that 

P (e(^fc) > 5e(^(""=-l)-'^^■)/^ Wn e Z^'^) < P {^Wk) > 5e^(""=-)/^ ti;„ G Z^'^) . 
By the Markov property at time k, we get 

P (eK) > 5e^(--^)/^ Wn G Z^'^) = E [A(l^K),fc,n)l^^(^^)^^^n..-.)/3,^(^^.)>o,v,<.}^ 
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where X{r,k,n) := Pr{V{wj) > dj+k, Vj < n — k, V{wn-k) G In{z)). We get by (2.9), 
X{r,k,n) < C63n~'^/^(1 + r^) (since k < 3n/4). This yields that 



(C.6) 



P {^Wk) > i?e^(""^■-)/^ Wn e Z^'^) 



(1 + V'(Wfc) + )l^^(^^^^^^V{»,_i)/3^^,(^^,)>o_Vj.<;^| 



< C63n-3/2E 

On the other hand, we have 

1 + Viwk)+ < 1 + Viwk-i)+ + (Viwk) - V{wk-i))+. 



Let (^, A) be generic random variables distributed as y^{wi)^V{wi)+j under P, and inde- 
pendent of the other random variables. By the Markov property at time k — 1, we obtain 
that 



E 



(1 + V'(w^fc) + )l|5(^^)>Be^{»fc-i)/3_v'K)>0,Vj<fe} < E [K{V{Wk-l))l{viw,)>0,Vj<k-l}] 



with, for a; > 0, k,{x) := (1 + x)l^^y^^x/3y + A^l^^^^^^/sy In view of (C.6), it follows that 



3n/4 



where 



k=l 

D2 :-- 



EE 

fc>0 

EE 



k>0 



[1 + V{wk))l{v{wk)<3{ini-inB)}, mmV{wj) > 



A+l{y(^^)<3(in^_inB)}, mmV{wj) > 



We recall that by Proposition 2.2 {V{wn), n > 0) is distributed as {Sn, n > 0) (under P). 
Notice that in the definition of Di, the term inside the expectation is if 5 > ^. Therefore, 
we can add the indicator that B < C,- By Lemma B.2 (i), we get that 



Observe that ^ < X + X with the notation of (1.2). Going back to the measure P, we get 

Di < CesE 



XI 



{B<X+X} 



;i + ln+(X + X))^ 



< e 



for B large enough since E X{1 + ln+(X + X))^ < oo by (L4) and Lemma 
larly. 



B.l 



fi). Simi- 



D2 < CqqE 



^l{iJ<M}(l + W(^ + ^)) 



< e 
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for B large enough. Therefore, for B large enough 

3n/4 

(C.7) J2 P i^i^k) > 5e-(^('"'=-i)-^'=)/3^ Wn e Zn'^) < 2 



^3/2 
k=l 



In order to prove (C.5), it remains to treat the case 3n/A < k < n. We want to show that 
for B large enough, 

n 

(C.8) Yl P (^(^'^) > i?e(^(""=)-'^'=)/^w„ e Z^'^) < e. 

k=3n/4: 

We want to condition the point process fi{wi) := '^uen{wi) ^v(u) on the value of V{wi). To 
do this, we make a disintegration (see for example 15.3.3 pp. 164 of [IH])- This gives the 
existence of probabilities on the space of locally finite measures Ai on M, such that: 

• for any set A in the canonical cr-algebra of Ai, the map r G M — Qr(^) is measurable 
with respect to the Borelian a-algebra of M. Here, the canonical a-algebra of M refers 
to the one generated by the mappings /i G — t- for J intervals of M (see chapter 
1 of M). 



• For any bounded measurable function F, we have 

E[F{i^{wi),V{wi))]= [ P{V{wi)edr) [ F (/^, r) Q,(t//i). 

Jr J m 

We deduce that 

P (e(wfc) > 5e(^(""=)-'^'=)/^ Wn G Z^'^) 
= P {l{V{wk) - V{wk-i)) > 5e(^(-'=)-'^^)/^ Wn G Z^'^) 

where, given {V{wk), k < n), the random variable ^{V{wk) — V{wk-i)) G M has the distri- 
bution of /^gig(l + x^)e~^fi{dx) under Qv(wk)-viwk-i){dfi)- The last line is equal to 

P {^{Sk - Sk-l) > 5e(^'=-^'=)/3^ Sn G In{z), Sn > 0, S^n/2,n] > ^niz + L + 1)) 

where 5„ := minj^fc, k < n}, ^^j-^^^^^] •= ii < k < £2} and, under P, and 

conditionally on {Sk, k < n), the random variable ^{Sk — Sk^i) has the distribution of 
/^gjg(l+x+)e~^'/i((ia;) under Qsk-Sk-i{dfi). We return time, that is we replace Sk by Sn—Sn-k- 
We check that 

P {^{Sk - Sk-l) > Be^'^-'^'^y^ Sn G In{z), Sn > 0, S^n/2,n] > «n(^ + + 1)) 

< P(e (5„-fe+i - Sn-k) > 5e^+ie-^"-'=/3^ 5„ G /„(^),^„ > -a„(^), ^[o,n/2) > " l) 
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where —5* ^ := min{— 5*^, k < n} and £2) ''~ ii < k < £2}. We use the 

Markov property at time n — k + 1. There exists a constant Cqj > such that, for any 
r < L + 1, any n > 1, and any k G [3n/4, n], 



Fr (^Sk-i e In{z), zi^k-i ^ -(^n{z), ^[o,fc_i_-) > " l) < 0^7(2 + L- r)n 



-3/2 



The last inequahty comes from (2.9), after a time reversal. This yields that, for any n>l 
and k G [3n/4, n], 

P - > 5e(^'^-'^'=)/3, 5„ G 5„ > 0, 5(„/2,„] > a^{z + L + 1)) 

= CqjU-^/^E P + (L - ^(w^n-fc+l)) + )l|5(^^_^)>Be-^(»n-fc)/3,_y(^^.)>_i_l_Vi<n-fc+l} 

where -B := Be^^^. Beware that we reintegrated the measures (Qr,''" G M) in the last line. 
We find that, for any k G [3n/4,n], 

P {^{Wk) > Se(^('"^)-'^'=)/3^ Wn G Z^'^) 



This is the analog of (C.6), replacing there V{wj) by —V{wj), k hj n — k + 1 and {V{wj) > 



0, V j < k} by {-l^(wj) > -L - 1, Vj < n - A; + 1}. Then ( [a8| follows as in the case 
/c G [l,3?7./4]. This with (C.7) prove (C.5) hence the lemma. □ 



D Notation 

Branching random walk: 
C : the point process 



X,X : defined in (1.2) 



T : the genealogical tree 

V{x) : position of particle x 

\x\ : generation of vertex x 

Q{x) : siblings of vertex x 

Xk '■ ancestor at generation k of vertex x 

Mn '■ minimum at generation n of the non-killed branching random walk 
'■ cr— algebra of the branching random walk up to time n 
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^(x) : defined in (4.2) 



^k,n{r) := P(M„_, > (3/2) \n{n) - r). 

Z[A\: set of particles freezed when going above level A. 

Killed branching random walk 

T^'^^ : the genealogical tree of the killed branching random walk 

kill . generation of a vertex u when u G T"^'^^ 
M^^^ : minimum at generation n of the killed branching random walk 
^kiii.n . ijijiiform particle in T*^'^^ among those achieving M^^^' 
<l>|;ll(x, r) := P. {M^\ < (3/2) ln(n) - r) 

Random walk 



{.Sn)n>a '■ non-lattice centered random walk with finite variance, defined by (2.1). The 
non-lattice assumption is dropped in the Appendix 
0"^ : variance of 5*1 
R{x): renewal function of S 
R-(x) : renewal function of —S 



Many-to-one lemma : equation (2.1) 

Hk,Tk : strict descending ladder heights and epochs of S 

Hj^,Ti7 : strict descending ladder heights and epochs of —S 

Martingales 

Wn '■ additive martingale at time n 
Dn '■ derivative martingale at time n 

dIi^ : martingale of the branching random walk killed below — /3 
Probability measures 

Pa '■ probability under which the branching random walk {V{x))x^i: and the random 
walk {Sn)n starts at a (Fq = P). Expectation Eq 



Pa : tilted probability I defined by (2.3). Expectation 

Pi^^ : tilted probability II defined by (aHI. Expectation Ei^^ 



Spine decomposition I 

Wn : spine at generation n 

{V{wn))n '■ centered random walk distributed as (S'„)„ 

C : Radon- Nykodim derivative ^jg£ e~^^*^ with respect to £ 
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B : branching random walk with a spine. Under P, we identify {V{x))x&t with B 

'■ cr— algebra of B up to time n 
Qn '■ 0"— algebra of the spine and its siblings up to time n (Qn C c^n) 



Spine decomposition II 

Wn'' '■ spine at generation n 

(y{wn^))n '■ random walk conditioned to stay above — /3 
B'^^^ : branching random walk with a spine 

: (T-algebra of B^^^ up to time n 
Qn^ : cr— algebra of the spine and its siblings up to time n {Oi^^ C ^n^^) 



Paths of particles 

an{z) = |ln(n) - z 
dk{n,z,\) : defined in (3.4) 
Ck ■ defined in (3.31 ) 

In{z) = [an{z) - l,a„(z)) 

Z^'^ : in Definition 3.5, see Figure[l] Particles of generation n that stayed above dk{n, z + 
L, 1/2) and end in 



: defined in (4.1), see Figure |2| Set of particles that achieve a new minimum (on their 
ancestral line) 



B^{u) : defined in (4.4), see Figure |3| Equal to 1 if there is a line of descent from m to a 
vertex at generation n which stays above V{u) and ends below an{z) 



T"" : defined in (4.3) 



z-good vertex : defined in (3.15) 



£n{,z, b) : defined in (3.21). Good event on which the particles at generation n which are 
located below an{z) have a common ancestor with the spine at generation greater than n — b 
FL,b : defined in ( [3^ 
CL,b ■■ defined in KM 
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